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Syllabus
PGMM-106/MAMM-106: Advanced Algebra

Block-1: Introduction to Group Theory

Unit-1: Basic Set Theory

Introduction, Representation of sets, types of sets, subset, universal set, Venn diagram, operations on
sets, and algebra of sets.

Unit-2: Relations and Functions
Introduction, relations, equivalence relation, and partial order relation, functions.
Unit-3: Introduction of Group Theory

Introduction, algebraic structure, group, Abelian group, finite and infinite group, composition tables for
finite sets.

Block-2: Group Theory

Unit-4: Permutations Groups

Introduction, permutations, groups of permutations, cyclic permutations, even and odd permutations,
order of an element of a group, isomorphism on groups.

Unit-5: Order of an element of a group and Isomorphism on Groups
Introduction, order of an element of a group, isomorphism on groups.
Unit-6: Subgroup and Cosets

Introduction, complexes and subgroups of a group, intersection of subgroups, cosets, Lagrange’s
theorem, Fermat’s theorem, Cayley’s theorem.

Block-3: Advanced Group Theory

Unit-7: Cyclic Group
Introduction, Cyclic groups, subgroup generated by a subset of a group, generating system of a group.
Unit-8: Normal Subgroup

Introduction to Normal subgroup, simple group, conjugate element, centre of a group, conjugate
subgroup and quotient groups.
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Unit-9: Homomorphism

Homomorphism on groups, Kernel of a homomorphism, fundamental theorem on homomorphism of
groups, automorphisms and inner automorphisms, Maximal subgroup, Composition series of a group,
Jordon Holder’s theorem, Solvable groups, Direct products, Sylow’s theorem.

Block-4: Rings and Field Theory
Unit-10: Rings

Introduction, Rings, elementary properties of a ring, ring with or without zero divisors, integral domain,
field, subrings and subfields.

Unit-11: Ideals

Introduction, ideals, principal ideal, divisibility in an integral domain, greatest common divisor,
polynomials rings, unique factorization domain and reminder theorem. Quotient rings, homomorphism
on rings, kernel of a ring homomorphism, maximal ideals, prime ideals and Euclidean rings.

Block-5: Extension Fields and Galois Theory

Unit-12: Extension Fields

Introduction, field extensions, field adjunctions, simple and algebraic field extensions, separable
extension and perfect field.

Unit-13: Galois Theory-I
The elements from Galois theory, fixed field, normal extension.
Unit-14: Galois Theory-II

Galois group, fundamental theorem of Galois theory.
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Block-1

Introduction to Group Theory

Set theory and group theory are two fundamental branches of mathematics. Set theory, developed by
Georg Cantor in the late 19th century, provides a formal way to study collections of objects and serves as
the foundation for modern mathematics, including logic, number theory, topology, and analysis. Group
theory focuses on symmetry and patterns in numbers, shapes, and equations. It began in the 18th century
with Lagrange, while Galois introduced the idea of groups to solve polynomial equations. In the 19th
century, mathematicians like Cauchy, Jordan, Cayley, and Klein expanded the field by defining groups
and applying them to geometry. In the 20th century, group theory became essential in physics, chemistry,
cryptography, and computer science, helping to explain atomic structures, quantum mechanics, and

algebraic systems.

Today, both set theory and group theory play a crucial role in pure and applied mathematics. In the first
unit, we shall discuss about the introduction about set theory, representation of sets, types of sets, subset,
universal set, Venn diagram, operations on sets, and algebra of sets. Relations, equivalence relation, partial
order relation and functions are also discussed in details in unit two. Third unit introduced the group
theory, algebraic structure, group, Abelian group, finite and infinite group, composition tables for finite

sets.
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UNIT-1: Basic Set Theory

Structure

1.1  Introduction

1.2  Objectives

1.3  Set

1.4  Representation of Sets
1.5 Different Types of Sets
1.6  Venn Diagram

1.7  Operations of Sets

1.8  Union of two Sets

1.9 Intersection of two Sets
1.10 Difference of Sets
1.11 Complement of Sets
1.12 Summary

1.13 Terminal Questions

1.1 Introduction

Georg Cantor, a German mathematician, introduced the concept of set theory, defining a set as a
collection or aggregate of definite and distinguishable objects selected by means of some rules or
description. Set theory is a fundamental foundation of mathematics, with nearly every mathematical

object of interest being a set of some kind. In this unit, our goals are to learn how to describe and
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manipulate sets and to develop techniques for constructing new sets from existing ones.

Also we deals with representation of sets: roster method or tabular form and rule method or set
builder form, different types of sets, venn diagram, operations of sets, union and intersection of two sets,
difference and complement of sets. Some examples of sets include the set of natural numbers, the set of

fractions, and the set of all capital cities in India.

1.2 Objectives

After reading this unit the learner should be able to understand about the:

" Basic concepts, terminology and notationon of set

" representation of sets: roster method or tabular form and rule method or set builder form
" different types of sets, venn diagram

" operations of sets, union and intersection of two sets,

" difference and complement of sets

1.3 Set

A set is any well- defined collections of objects, called the elements or members of the sets. These

elements may be anything as numbers, points in geometry, letters of alphabets, etc. The examples of sets

given below :
(1) A battalion of soldiers  (2) Bunches of Grapes (3) The vowels of alphabets.
Capital letters A, B, C........... are ordinarily used to denote sets lower case letters a, b, c,..... to denotes

elements of sets. Well- defined means it is possible to decide if a given element belongs to the collections
or not. The statement ‘x is an element of A’ or equivalently ‘x belongs to A’ is written as x € A. The

statements ‘x is not an elements of A’ iS written as X A.
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1.4 Representation of Sets

Sets can be represented in two ways:

(i) Roster Method or Tabular form (ii) Rule method or Set Builder Form.

Roster Method or Tabular Form

In roster form, all the elements of the set are listed, the elements being separated by commas and enclosed

between curly braces.

Examples

Example 1: Given below are set representation in roaster form:

(i) The sets of binary digits, i.e., A ={0, 1}.

(ii) The set of vowels in the English alphabets, i.e., B={a, e, i, 0, u}.

Example 2: If the set A = {x:x € Z,x? < 17} then find out its roster form.

Solution: We find that the squares of integers 0, 1, +2, +3, +4 are less than 17 then the roster form
of thisset, A = {—4,-3,-2,-1,0,+1,+2,+3, +4}.

Rule Method or Set Builder Form

In set builder form, a set is defined by specifying a property that elements of the set have a common.
The set is then described as follows: A={ x: p (x) }

A vertical bar is also used in place of colon (:)

Examples

Example.3: Given below are set representation in set builder form-

(i) The set A consisting of element a, e, i, 0, u can be written as A = {x: x is a vowel in the English
alphabets}.
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(i) The set B = {1, 4, 9, 16, 25, 36} can be written as B = {Xx: x = n? where n is a natural number < 6}.
(iii) The set C = {2, 4, 6, 8} can be written as C = {x: x is an even integer between 1 and 8}.

Some sets are represented by special symbols. In particular, the set of natural numbers is denoted by N,
the set of integers represented by Z, the set of rational number represented by Q and the set of real
numbers represented by R.

i.e. N = {x: x is a natural number}
Z = {x: x is an integer}
Q = {x: x is a rational number}

R = {x: x is a real number}
Example 4: Write the set A = {1,%,%,11—6,% v oo e N the set builder form.

Solution: We analyze that; each members of the given set are the reciprocals of the squares of all

naturals. The set builder form of the given set is, A = {% n e N}.

1.5 Different Types of Sets

The sets are divided into various types, based on elements or types of elements. These various types of

sets given below:

Finite set

An finite set is a set which contains finite number of elements then the set is called finite sets.
Examples of finite set are

(a) The set of months of a year;

(b) The set of vowels in English alphabets;

(c) The set of students in a class;
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Infinite set

An infinite set is a set which contains infinite number of elements then the set is called infinite Set.
Examples of infinite set are:

(a) A=aset of integers {0, 1,2, ........... }.

(b) B={1,1/3,1/9,1/27, .......... 1.

Empty set

A set which has no elements at all, is known as empty set or null set and it is represented by ¢ or {}.
The following sets are empty set:

(@) A={x:x2+4=0, x is a real number}

(b) B = {x is multiple of 4, x is a odd number}

Singleton set

A set which has only one element is called singleton set.

For example: (a) : {1} isa singleton set.

(b) : {x:x-5=0, x eN } is a singleton set.

Equal set

Two sets A and B are said to be equal iff every element of A is an element of B and consequently every
element of B is an element of A;

i.e., AS€BandB S A and It is written as A = B.

i.e., A=Bifx€e Aandx € B.

) ) )

For example: If A = {1, , % i, — e e ...}and B = {1,

O |r

111 i... } , then A and B are
4 16" 25

equal sets.
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Equivalent set
Two sets A and B are equivalent if they have same number of elements.

For example: A = {1,2, 3}and B = {2, 3,4} are the examples of the equivalent set because A and B

have same number of elements.

Power set

Power set is the collection of all possible subset of a set and it is represented by P(A) where A is any set.
Suppose that A = {1,2, 3} then its Power set

P(A) = {&, {1}, {2},{3},{2,3},{1,2},{1,3},{1,2,3}}.

Universal set

In the given consideration, if all the sets are a subset of a definite, then this definite set is called

universal set and is denoted by U.

For example:
1. The set of all integers is the universal set for the set of positive integers or negative integers.
2. The set of English alphabet is the universal set for the set of vowel.

Note: Every set is a subset of the universal set.
Subset

Let A and B are two sets if every element of set A are also element of set B, then A is said to be a
subset of B and it is represented by A € B. When at least one element of the set A does not belong to

the set B, then the set A is not a subset of the set B.
For examples:
1LIFA={1,2,3}andB={1, 2, 3,4,5}, then A< Band B € A.

Note: (i) Every set A is a subset of itself, i.e. A S A.
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(ii) The null set @ is considered as a subset of any set A, i.e. ® € A.

Check your progress report

Q. 1. What do you means by set?

Q.2. Explain the concept of representation of sets.

Q3. IfA={ab,c,d}andB={b, c,d,a}, then A S Band B C A.

Q.4. Define finite and infinite sets with examples.

Q.51f A ={1,2,3,4,5} then itwrite the power set of A.

Q.6. Give two examples of empty set.

Q.7. Explain the universal set.

1.6 Venn Diagram

The idea of sets can also show by means of figures/ diagrams. These representations of sets are called
Venn Diagrams named after British logician John Venn (1834-1883 A.D.).

In Venn diagram, the
universal set
represented by a
rectangle and  the
subsets of this universal
set are represented by

the circles.

Example: In the figure X represent universal set. P = {2, 4, 6, 8} and Q = {4, 6} are the subset of

universal set X.
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1.7 Operations on Sets

The basic operations in the set theory are union, intersection, difference, complement etc. By using of
these operation sets are included to make new sets.

Here we can define fixed operations on the sets and explain their properties.

1.8 Union of two Sets

The union of two sets P and Q is the set

which consists of all those elements
which are either in P or in Q or in both
P and Q. The union of two sets P and Q
can be represented by PuUQ and

mathematically can be defined as

s —
PUQ={x:x€PorxeQ} and read =P U Q

as P union Q.

Examples- If P = {1,2,3,4,5}and Q = {6,7,89 } then, PUQ ={1,2,3,4,5,6,7,8,9}.
Union of more than two sets
If A1, A2, As, ......... , An is a family of finite number of sets, then

LiAjorAlUAUA3U ... U An represents the union of the given sets.
Properties of the Union of sets
(A). Idempotent Law: For any set A
AUA=A
Proof: Letxe AuA

= x€eEAorxeA
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= XEA
AUACA ..(1)

Again, Lety € A
= yEAory€A
= yEA UA

ACAUA ..(2)
From equations (1) and (2), we get

AUA=A.

(B). Commutative Law: For any two sets A and B

AUB=BUA
Proof: Letxe AUB
= XxE€Aorx€B
= XEBorx€eA
= x€EBUA
AUBCBUA .. (D

Again, Letye BUA
= yEAory€B
= yEA UB

BUA CAUB ...(2)

From equations (1) and (2), we get

PGMM-106-MAMM-106/15



AUB=BUA.
(C). Associative Law: For any three sets A, B, C
(AuB)uC=AuU(BUO

Proof: Letx e (A UB)UC

= XE(AUB)orxecC
= (xeAorxeB)orxeC
= XxE€Aor(x€eBorx € ()
= XxEAorx€e (B uc()
= x€EAUB UOQ
(AuB)UCES AU ((BUO) ...(1) Similarly,
AuBuUC) S (AuB)UC ...(2)

From equations (1) and (2), we get
(AuB)uC=AuU(BUDQOQ).

(D). Law of identity element:

(1) Foranyset A,

AU =A, where @ ,is the identity element of (U)
(2) For any set A,

AuU=1, where U = universal set.

Proof: (1) : Letxe AU @

= XEAOrxego

= X EA
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AUuQpcA
But, ACAUD (~AS AUB)
From equations (1) and (2), weget AUQ=A
(2) We know that
AulUcU and UcCAUU

Hence ~AulU=U.

(D

.2

1.9 Intersection of two Sets

The intersection of two sets P andQ is the
set of common elements of set A and set
B. The intersection of two sets P and
Qcan be represented by PnQ and

mathematically can be defined as

PNnQ={xxePandx € Q} and read

as P intersection Q. ",}

For examples: If P ={1,2,3}and Q = {3,4,8,9 } thenP n Q = {3}.

Remarks: For any two sets A and B

ILACAUB

iLBSAUB

iii.ANBCA

iv.ANBCB
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Properties of the Intersection of sets:
(A). Idempotent Law: For any set A
ANA=A

Proof: LetxeANnA

= XE€EAandx € A
= XEA
ANACA

Again, Lety € A

= yEAandy €A
= yEANA
ACANA

From equations (1) and (2), we get

AnA=A

(B). Commutative Law: For any two sets A and B

ANB=BnNA

Proof: Letx e AnB

= X € Aandx € B
= X EBandx € A
= xeEBNA

PGMM-106-MAMM-106/18

(D)

.2)



ANBCSBNA (D)

Similarly, BNACANB ...(2)

From equations (1) and (2), we get

ANB=BnA

(C). Associative Law: For any three sets A, B, C
(AnB)nC=An(BNCQC)

Proof: Letxe (A nB)NnC

= x€(ANB)andx €C
= (xeAandx€B)andx € C
> x€Aand (x € Bandx € C)
= x€Aandx € (B nC)
= xEANBUQC
(AnB)NnCcAN(BNC) ...(1) Similarly,
An(BNnC)c (AnB)nC ...(2)

From equations (1) and (2), we get
(AnB)nC=An(BNCOC).
(D). Law of identity element:
(1) Foranyset A, we have

ANng =09,

(2) For any set A and universal set
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AnNnU=A
Therefore, U is the identity element for intersection (N).
Proof: (1). Angp c @ (D
We know that the empty set is a subset of every set.
PSANG
From equations (1) and (2), we get
ANQP=0

(2) From AnNBCA

ANUCA
Letx € A,
= x€Aandx €U
= x€EANU
ACANnU

From equations (1) and (2), we get
AnU=A

(E). Distributive Law:

For any three sets A, B and C:

(1) Intersection distributive over union

An(BuC)=(AnB)U(ANC)
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(2) Union distributive over intersection.
AUuBNC =(AUuB)N(AuUuC)

Proof: (1). Letxe An (BUC)

= x€Aandx € (BuU(C)

= x€EAand (x € Borx € C)

= (xeAandx€B)or(x€eAandx € C)
= x€EANBorxeANnC

= x€E(ANB)U(ANC)

ANn(BUuC <c(AnB)U(ANC)

(AnNB)U(ANC) SAN(BUCQC)

From equations (1) and (2), we get
AnNn(BuC)=(AnNnB)U(ANC)

(2). Letxe AU (BN C)

= xEAorx€ (BnQC)

= XEAor(x€Bandx € C)

= (x€AorxeB)and (x€Aorx € ()
= xE€A UBand x€eAUC
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= x€(AUB)N(Au()

AuBNC c(AuB)N(AuC) @)

Similarly, (AUB)N(AUuC)<SAU(BNCQC) (2
From equations (1) and (2)

Au(BnNnC)=(AuB)n(AuQQ).

1.10 Difference of Sets

The difference of sets P and Q, is the
set of all those elements of P which

are not in Q and it is represented

by (P — Q).

Mathematically can be defined as m —> P - Q

P-Q={xxx€Pandx¢Q} and

read as P difference Q.

For examples, if P = {1,2,3}and Q = {3,4,8,9}thenP —Q = {1,2 }.

1.11 Complement of Sets
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Complement of a set P is the set of all
those elements of the universal set
which are not in P and it is represented
by P'or P€.

Example- Let us suppose that X is the
universal set and X = {1,2,3,4,5,6,7,8 }
and P = {1,2,3} then complement of P
can be find P = {x:x € Xand x ¢ P}
i.e.P'={4,5,6,7,8}

(A). Involution Law: For any set A, (A) =A

Proof: Letx € (A)
>xgA
=>X€EA
~(A) cA (D)
Again, Lety € A
Sy¢EA
sye(a)
~AC(A) Q)
From equations (1) and (2), we have
(a) =4
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(B). De-Morgan's Law:
If A and B are two sets, then
1. (AUB) =ANB
2. (AnB) =AUB
Proof:

1. Letxe(AUB)

= X&AUB

= x¢ Aandx ¢ B
= XxEA andx €B
= XEANB

(AUB) CANB
Again, Letye A nB
= yEA andy € B
= y€Aandy ¢ B
= yZ€AUB
= yE (AUB)
ANB c (AUB)
From equations (1) and (2), we have
(AUB) =ANB
(2) Letxe(AnB)
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= XZ€ANB
= XZAorx¢B
= XEA Orx€B
= XEAUB
(ANB) CAUB 1)
Again, Lety€e A UB
>y€EAory€e B
>yé&Aory¢B
>y¢ANB
>y€e(ANB)
~AUB C(ANB) (2)

From equations (1) and (2), wehave = (ANnB) = A UB.

1.12 Summary

Set theory and group theory are two key branches of mathematics. Set theory, introduced by Georg Cantor
in the late 19th century, studies collections of objects and forms the foundation of modern mathematics,
including logic, number theory, topology, and analysis. Cantor defined a set as a well-defined collection
of objects and developed methods for describing and manipulating sets, such as the roster method and set-
builder form. This unit focuses on understanding sets and their properties. The goals include learning how
to describe, manipulate, and construct sets from existing ones. It covers different ways to represent sets,
such as the roster method (tabular form) and the set-builder form (rule method). Key topics include types
of sets, Venn diagrams, set operations (union, intersection, difference, complement). Examples of sets

include the set of natural numbers, the set of fractions, and the set of all capital cities in India.
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1.13 Terminal Questions

Q1.1fU={1,23,45,6,78}, A ={3,4,56}and B ={1, 3, 5 7}, Then find each of the

following:

1. AUB
2. A'NB
3. (AuB)
4, A" —B

Q.2. For any three set A, B and C, prove that

1.  A-(BUC) =(A-B)n (A-C).

2. A-BnC)=(A-B)U (A-C).

Q.3. If Aand B are two sets such that n(A) = 17, n(B) = 23 and n(A U B) = 38, then determine n( A N B).
Q.4. Prove that (i) A—B S B’

(i)B—ACA.
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UNIT-2: Relations and Functions

Structure

2.1 Introduction

2.2 Objectives

2.3 Relations

2.4 Recapitulation of Relations
2.5  Types of relations

2.6 Function or Mapping

2.7 Summary

2.8 Terminal Questions

2.1 Introduction

The ideas of relations and functions have developed over many centuries, becoming fundamental to
modern mathematics. Early studies by ancient Indian and Greek mathematicians explored numerical and
geometric relationships, setting the stage for later advancements. The formal notion of a function began
in the 17th century, when Leibniz used the term to describe quantities related to curves. In the 18th
century, Euler introduced the notation f(x) and treated functions as expressions involving variables and

constants.

During the 19th century, Georg Cantor's work on set theory provided a solid foundation, defining a
relation as a subset of the Cartesian product of two sets, and a function as a relation where each input
corresponds to exactly one output. Today, relations express connections between elements of sets, while
functions play a central role in fields like algebra, calculus, differential equations, computer science, and

machine learning.
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2.2 Objectives

After reading this unit the learner should be able to understand about the:

" Basic concepts, terminology and notationon of relations

= different types of relations

= functions and its types

2.3 Relations

We have study about the ordered pairs, Cartesian product of sets, domain, co-domain and range of a
relation, function as a special type of relation and various types of real valued function. In this unit we
extend our ideas to relation on a set and function. We shall also discuss composite and inverse of a
function. And also we study a particular class of relations called functions. Function plays an important
role in mathematics, Computer Science and many applications. We are primarily concerned with discrete
which transform a finite set into another finite set . We discuss here the basic properties of functions,

several types and their applications.

2.4 Recapitulation of Relations

Ordered Pair: An ordered pair is a pair of entries whose components occur in a specific order. Two
ordered pairs are equal if their corresponding elements are equal.

Example:1. Find the value of xandy if (x + 2,4) = (5,2x +y).

Solution: By the definition of ordered pair we can write

x +2 =5 and 2x + y = 4 after solving of these equations we got x = 3andy = —2.
Cartesian Product:

It is defined as the set of all ordered pair (p, q) of two non- empty sets P and Q where p € P,q € Q and

PGMM-106-MAMM-106/28



it is represented by P x Q.

We can write symbolically it;P x Q ={(p,q): p € P and q € Q}.

Example:2. Find the Cartesian product of P and Q, if P ={1, 2, 3} and Q = {a, b, c}.
Solution: Given here P = {1, 2,3} and Q ={a, b, c}

So,P x Q={(1, a),(1, b),(1, ¢).(2, a),(2, b).(2, ¢),(3, &),(3, b).(3, €)}

And Q x P ={(a, 1),(a, 2).(a, 3).,(b, 1),(b, 2),(b, 3),(c, 1).(c, 2).(c, 3)}.

Note:

1. PxQ=0 <=>P=0orQ=0

2. PXQ+Qiff P+@andQ + @

3. Ingeneral, P X Q # Q X P
4. PXQ=QxP<=>P=Q
5. If either P or Q is an infinite set then P X Q is an infinite set.

6. P x P can be represented by P2,

Working Rule: To write down P X Q, take first element a; of P and then write all ordered pairs having
first component a; and second component, the elements of Q. Again take second element a; of P and write
all ordered pairs having first element a; and second components, the elements of Q. In similar way write

all the ordered pairs.

Relation: Let P and Q be two non — empty sets. Then a Relation R fromaset PtoQisaof P x Q, i.e.,
RS PXQ

or R={(x,y):Xe P,y € Q}.

Working Rule: Let P and Q be two non empty sets. A set R of order pairs will be a relation from P to Q

if first component of each element of R belongs to P and second component belongs to Q.
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Example:3. If A={1, 2, 3} and B = {4, 5, 6} then which of the following is a relation from set A to set

B? Give reason:
a. Ri={(1,5), (24,65}
b. R.={(41),(26),(51),(2 4}
Solution: Ax B = {1,2,3} x {4,5,6}
={(1,4).(1,5),(1,6).(2,4).,(2, 5).(2, 6).(3, 4),(3, 5).(3, 6)}

a. Here R1S A X B because first element of each ordered pair is the element of set A and second

element of each ordered pair is the element of set B. Hence, R1 is a relation from set A to set B.

b. Here R is not a relation from set A to set B because ordered pair (4, 1), (5, 1) does not belongs to
set AX B.

Number of Relations:

Let A and B are two non — empty sets and they have m and n elements respectively.
No. of elements in AX B =mn

= No. of subsets in Ax B =2™

=~ No. of relations from A to B = 2™

Domain, Co-domain and Range of a Relation:

Domain: Let R be a relation from set P to set Q, then domain of R is the set of all those element pe P
such that (p, q) € R. it is denoted by Dom. (R).

Symbolically: Dom. (R) = {p € P: (p, q) € R}.

Range: Let R be a relation from set P to set Q, then range of R is the set of all those element g € Q such
that (p, g)€ R. it is denoted by Range (R).

Symbolically: Range (R) = {g € Q: (p, q) € R}.
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Co-domain: Let R is a relation from set P to set Q, then set Q is called the co-domain of R.
In general, if (p,q) € R, then p is called the domain of R and q is called range of R.

i.e. Dom. (R) € P and Range (R) <€ Q.

Working Rule: To find the domain or range of a relation, we proceed as follows:

Step 1: Write R as a set of ordered pair.

Step 2: Dom. (R) = set of first coordinates of all ordered pairs element of R.

Step 3: Range (R) = set of second coordinates of all ordered pairs element of R.

Example:4. Let A={1, 2, 3, 7} and B = {3, 6}. Defined a relation on set A to set B such that a < b where

a € A and b € B. Find domain, co-domain and range of relation R.
Solution: The element of relation R = {(1, 3), (1, 6), (2, 3), (2, 6), (3, 6)}
So, Dom. (R) =41, 2, 3}

Range (R) = {3, 6}
Co-domain (R) = {3, 6}

Note: 1. Domain R contains only those elements of P which are related to Q by the relation R. Similarly,
Range of R consist of those element of Q which are related to P by the relation R. Therefore,

Dom. (R) € P and Range (R) € Q.

2. Relation can be written as the subset of ordered pairs.

2.5 Types of Relations

1. Reflexive Relation: A relation R defined in the set P is called the Reflexive Relation if

(a,a) ER,Va€Pi.e. aRa,Vac€P.ie., if P = {a, b}, then the reflexive relation in P is the set

{(a,a), (b, b) }.
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Example:

1. The relation “Equal to” is a reflexive because all numbers are equal to them self.

2. The relation “Parallel to” in the set of straight lines in a plane is a reflexive relation, i.e. the relation

xRy defined by x Il y is a reflexive relation because all lines parallel to them self.

2. Symmetric Relation: A relation R defined in the set P is called Symmetric Relation if(a, b) €

R = (b,a) ER.

i.e. if P={a, b}, then the Symmetric Relation in P is the set {(a, b), (b, a) }.

Example:
1. The relation “Equal to” is symmetric because if x =y, then y = x.
2. The relation “Parallel to” in the set of straight lines in a plane is a symmetric relation, i.e. the

relation xRy defined by x Il y is symmetric relation because first line is parallel to second line then second

line will also parallel to first.

3. The relation “perpendicular to” in the set of straight lines in a plane is a symmetric relation,

because first line is perpendicular to second line then second line will also perpendicular to first line.

3. Anti-Symmetric Relation: A relation R defined in the set P is called Symmetric Relation if

(a,b) eRand (b,a) ER=>a=Db Vab€P.
Example:
1. Ri={(1,2),(2,2),(2,3)}onP={1,2, 3}is an anti-symmetric relation.

2. R2={(x,y) € R: x <y} isan anti-symmetric relationon Rsincex <yandy <x = x=Y,then
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(X, y)ERand (y,x) ER=>x=Y.

4. Transitive Relation: A relation R defined in the set P is called transitive if(a, b), (b,c) €R =

(a,c) € R.i.e., if P={3,5, 8}, then the transitive relation in P is the set {(3,5), (5,8), (3,8), (5,5)}.

Example:
1. The relation “Equal to” is transitive because if X =y and y = z, then x = z.
2. The relation “Parallel to” in the set of straight lines in a plane is a transitive relation, i.e. the relation

xRy defined by x Il y is transitive relation because first line is parallel to second line and second line is

parallel to third line then first line will also parallel to third line.

3. The relation “perpendicular to” in the set of straight lines in a plane is a symmetric relation,
because first line is perpendicular to second line and second line is perpendicular to third line then first

line will also perpendicular to third line.

Equivalence Relation:

A relation R defined in the set P is called equivalence if R is reflexive, symmetric and transitive.

i.e. R is an equivalence relation on P if it has the following three properties:

I.xRx ¥ x € P (Reflexive).

i.xRy = yRxV X, y € P (Symmetric).

. xRy, yR; = xR; V X, Y, z € P (Transitive).

Example:5. Let R is a relation on Z, defined by R = {(X, y): x-y is an even number}. Prove that R is an
equivalence relation.
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Solution: (1) Let xe Z, then

X—x=0

‘0’ is even number.

= R VXeZ

= Ris Reflexive ...(0)
(2) Let(x,y)ER, VX, yeZ

= X-yiseven

= -(x-y)iseven

= y-Xiseven

= (\,X)ER

= R is symmetric en(2)
(3) Let(x,y),(y,2)ER,VX,y,z€Z

= (Xx-y)and (y - z) are even number

= [(X-Yy)+(y-2)]isaneven number

= (X -2)isan even number

= (X,2)€ER

= Rs transitive ...(3)
Hence from (1), (2) and (3) R is an equivalence relation.

Identity Relation:
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A relation R defined in the set P is called identity relation if
R ={(p,p):p € P}.
Example: P ={a, b, c}, then the identity relation in P is the set{(a, a), (b, b), (¢,c)}.
Empty Relation:
A relation R defined in the set P is called Empty relation or Void relation if R = @.

For example, let, P = {2,3,5,7,10} and let R be a relation defined as “is cube of” is void relation and

wecanseethat R =@ € P X P.
Partial Order Relation:

A Relation R defined in the set P is called partial order if R is reflexive, anti - symmetric and transitive.

Example: Let P = {1,2,3} then we define relation R = {(1,1), (2,2), (3,3),(1,2)(2,3), (1,3)} is a partial

order relation because it is reflexive, anti - symmetric and transitive.
Partial Order Set:

The set P, with the partial order relation R is called partial order set.

Example: in the set of real numbers, the relation of “less than or equal to” is a partial order relation.

So, (R, <) is a partial order set.

Total Order Relation:

A partial order relation R in the set P is called total order relation if for every element p;,p, € P s.t.

either p,Rp, or p,Rp; or p; = p,.
To Set:
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A set with total order relation is called To Set.

Example: the set of integers with “less than or equal to” is To Set.

SOLVED EXAMPLES

Example.6: - Let P = {2, 3, 4} and Q = {3, 4, 5}. List the element of each relation R defined below and

find the domain and range of R:

i. pePisrelatedtoge Qi.e. pRqiffp<aq.

ii. pePisrelatedtoq e Qi.e. pRq if pand q are both odd numbers.
Solution: i. 2 P is less than 3 € Q, then 2Rs.

Similarly, 2Ra, 2Rs, 3Rs, 4Rs.

Therefore,

R={(23),(2,4),(25).(3,4).(3,5), (4 5)}

Domain (R) = {2, 3, 4}

Range (R) = {3, 4, 5}

ii. Since 3 € P and 3 € Q both are odd then 3Rs. Similarly, 3Rs therefore
R={@33), 3 5}

Domain (R) = {3}

Range (R) = {3, 5}

Example.7: If R be a relation in the set of integers Z, defined by
R={(a b):ae Z, b € Z, (a- b) is divisible by 6}, then prove that R is an equivalence relation.
Solution: (1) Let a€ Z, then

a-a=0
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‘0’ 1s divisible by 6.

=>RVvaeZz

= R s Reflexive ...(1)

(2) Let(a,b) eR,Va,bez

= a— b is divisible by 6

= -(a-b)isdivisible by 6

= b —aisdivisible by 6

= (b, a) €R

= R is symmetric. ...(2)

(3) Let(a, b), (b,c) ER, Va, b,ceZ

= (a-b) and (b - c) are divisible by 6

= [(a-b) + (b - )] are divisible by 6

= (a- c) are divisible by 6

=(a,c)ER

= R is transitive ...(3)

Hence from (1), (2) and (3) R is an equivalence relation.

Example.8: Let R1 and Rz be two equivalences on A. Show that RiNR: is also an equivalence relation
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on A.

Solution: Let Ry and Rz be two equivalence relations on A.
Then R1€ A XA, R2E A XA = RiNR2E A XA

= RiN Rz is arelation on A

I. Reflexivity: Given Ry and R: are reflexive

= (@ a)€eRiand(a,a) ER2 Va€eA, (R1 and Ry are reflexive)

= (a,a) ERiNR2vVa € A

=R1NRais reflexive on A (@D)]

Ii. Symmetricity:

Let (a, b) ER1N R2 be arbitrary

=(a, b) eR:and (a, b) €ER:

=(b, a) eR:1and (b, a) €R> (R1 and Rz are symmetric)

=(b, a) ER1INR>

=Ri1N Rz is symmetric

R1N Rz is symmetric on A (2

ii. Transitivity:

Let (a, b) € Ritn Rzand (b, ¢) € RiN Rz

Then (a, b), (b, ¢) € R1and (a, b), (b, c)ER:
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= (a,¢) ERrand (a, ) ER (R1 and R are transitive)

= (a,¢) ER1NRy

=R1N Rz is transitive on A )

Hence from (1), (2) and (3) R1NRz is an equivalence relation on A.

Check your progress report

Q.1. Define relations with examples.

Q.2. What do you mean by partial order relation?

Q.3. Explain the concept of equivalence relation.

Q.4. Define domain, co-domain and range of a relation.

2.6 Function or Mapping

Let P and Q be non-empty sets, then a P Q
rule correspondence, which associates
each element of set P to a unique element
of set Q, is called Function or Mapping

from P to Q. If f is a function from set P

to set Q; then we write f: P - Q and
read as f is a function from P to Q or f

maps P to Q.

It should be noted that, if f associates x € P to y € Q, then y is called the image of element x under the

mapping f, denoted by f(x). Similarly, element x is called the Pre-image of x under mapping f.
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ie. x = f(y)

Thus, we conclude that for a function f from P to Q, we get

1. Both set P and Q should be non — empty.

2. Each element of P should have an image in Q.

3. No any elements of P have more than one image in Q.

Remarks:

a) Every function should be a relation but converse need not be true.

b) A relation will be a function only when for each x € P there exist one and only one element in Q.
c) Sometimes a mapping f: P — Qcan be written as y = f(x) and read y is function of x.

d) If mapping f: P — @, then a single element in P can't have more than one image in Q, however two

or more element in P may have same image in Q.
e) Everyelementin P have its image in Q, but every element in Q may not have its pre image in P.

f) To each element x in P there exist a unique element in Q, such that y = f(x). This unique element y

called the value of f at x (the image of x under f).
Working Rule:

Let f: P — Q be a function such thaty =f(x), Vx € Pand V y € Q, then following statement are

equivalent:

Step 1: fis function of x on y.

Step 2: y is a function of x.

Step 3: y is the image of x under the mapping f.
Step 4: x is the pre-image of y under the mapping f.

Step 5: y € Q, which is associated to x under the mapping f represented by f(x) is the value of f at x.
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Example: 9. Let P = {1, 2,3} and Q = {4,5}. Define a function f such that
f={(1,4),(1,5),(2,4),(3,5)}. Is f a function from P to Q?

Solution: Since two ordered pair pairs (1,4) and (1,5) in f have the same first component, f is not a

function from P to Q.
Example:10. Let P = {1,2,3,4} and Q = {1,6,8,11,15}. Define a function f such that
f ={(1,1),(2,6),(3,8),(4,8)}. Is f a function from P toQ?

Solution: Yes, f is a function from P into Q because each element of P there corresponds exactly one

element of Q.
Domain, Co-domain and Range of Function:
Let f: P — Q is a function, then

Set P is called the domain of function f.

Set Q is called the co-domain of function f.

. The set of elements of set Q which are the f-images of all the elements of P, is called the range of
f. It is denoted by f (P).

f(P)={f(x) € Q:x € P}
Therefore, f(P) =Q or f(P) € Q.
Example:11. Let A = {-2, -1, 0, 1, 2} and B the set of whole numbers for every x €A and
f(x) € B such that f (x) = x?, then find domain, co-domain and range of function f.

Solution: Here A is the domain and B is co-domain of the function f. The value of f(x), x € A is the

range of f.
So, when X = -2, f(-2) =(-2)’=4
When x=-1, f(-1)=(-1)?=1
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When x =0, f(0) = (0)2=0

When x =1, f(1)=(1)*=1
When x =2, f(2) = (2)2 =4
Hence,

domain of f = Dom. (f) ={-2,-1,0,1,2} = A

Co-domainof f={0, 1,4, ....... }

range of f={0, 1, 4}

Types of Functions:

The functions can be different types. These functions are important in mathematics as well as in many
applications of computer science.

1. One — one Function:
A function f : P - Q is said to one — one iff different elements of A have different images.
Symbolically, a function f : P— Q is said to be one — one if

f(x1) =1(x2)

PGMM-106-MAMM-106/42



= X1 = X2 V X1, X2 € P
i.e. A mapping f : P— Q is such that each B o
element in P has only one image in Q and

every image in Q have only one pre-image | -

in P, then f is called one — one function.

Note- one — one function is also known as i

injective function.
Example: Let A={1,2,3},B={a,b,c,d}andletf (1) =a,f(2) =b, f(3) =d.

Then f is one — one since the different elements (1, 2, 3) of A are assigned to the different elements (a,
b, d) in B respectively.

Example : Let f (x) = 3x-1, then f is one — one because if
f (x1) = f (x2)

= X1—-1=3x2-1

= X1 = X2

Example : Let f :R—R be defined by f (x) = 2x + 9, x € R, then f is one-one function because every

member of R belong in the range of f.

1.  Onto function (Surjective Function):

B
|

A function, f: P — Q is said to be an onto

function if there is no any element in Q

which is not the image of some element of
P.

i.e., every element of Q appears as the

image of at least one element of P.
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Note- The onto function is also known as Surjective function.

Example 12: Let P ={-1, 1, 2}, Q = {1, 16} and f : P- Q be a function defined by f (x) = x*. Show

that f is onto.

Solution: Given that f: P- Q and f (x) = x*

N f(-1)=(-1)*
= f)=@Q)Y=1
= f(2) = (2)" =16

Here, it is clear that,

. 1 and -1 are the inverse image of 1

. 2 is inverse image of 16 and there is no element in Q

Which has no pre-image in P.
Hence, f is onto function.

2. Many-one function:

Definition: A function f: P —
Q is called many one function,
if at least one element of co-

domain Q has two or more

than two pre-images in

domain P.

Example:13. Let f: Z - Z be defined by f(x) = x?2, for all x € Z then show that f is many one.

Solution: Given that,f (x) = x2, forall x € Z,
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= f)=@1)32=1
and f(-1)=(-1)2=1

Thus we find f (1) =f(-1) =1 which shows that two distinct number -1, 1 are assigned to the same

number 1 1 under f, therefore f is many onto function.

3. Into function:

A function f: P - Q is called into
function, if there is at least one
element of set Q which has no pre-

image in set P.

i.e. the range of f is proper subset of

co-domain of f.

Symbolically: A function f: P - Q
will be into if f (p) is subset of set q.

4. One -one into function:

A function f: P — Q is called one — one into
function if it is both one — one and into
function. i.e. the distinct point in P are
joined to distinct point in Q and there are
some points in Q which are not joined to
any point of P.

i.e. A function f: P — Q is called one — one

into function if

f (P) is subset of Q and f (x1) = f (x2)

=S X1=X2 VX1,X2€P
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and Xxi#=xe = f(x1) # f(x3) VXq,

Xy ep
Note- For one - one into function Range € co-domain

5.  One -one onto function:

A function f: P — Q is called one —
one onto function if it is both one —
one and onto function. i.e. the distinct

point in P are joined to distinct point

in Q and no pointin Q is left vacant.
ie. f(x))=f(x2) =X1=X2 VX, X €EP.
or Xi#FXe=> f(x1) #f(Xy V Xi,X2€P
and f(P)=Q
Note: One — one onto mapping is also known as bi-jective or one to one mapping\function.

6. Many - one into function:

A function f: P — Q is called many —
one into function if it is both many —
one and into function. i.e. two or more
points in P are joined to same point in

Q and there are some points in set Q

which are joined not to any point of set
P.

i.e. A function f: P — Q is called many — one into function if

f(x1) =f (X2) = X1# X2 V X1, X2 € P.
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and f (P) is subset of Q.

7. Many - one onto function:

A function f: P — Q is called many — one
into function if it is both many — one and
onto function. i.e. in Q one point is
assigned to at least one point in P and two
more points in P are assigned to the same

point Q.

i.e. A function f: P — Q is called many — one and onto function
if f (X)) =f(x2) =>X1#FX2 VX, X2€P
and f (P) = Q.
Working Rule:
1.  Checking for injectivity of a function:
Step 1 —Let f (x1) =f (x2), V X1, X2 € P.
Step 2 -On solving f (x1) = f (x2), if we get X1 = X2 then function f: P — Q is one — one.
2.  Checking for Surjectivity of a function:
Step 1: Lety € Q.
Step 2: Putf(x) =y
Step 3: Solve f (x) =y for x and obtain x in terms of y.

Step 4: Get the equation of the x = g (y). If x = g (y) belongs to domain of f for all values of y, the f is
onto.

Constant Function:

PGMM-106-MAMM-106/47



f is said to be constant function if the range of f is singleton set.

Example: Let P ={a, b, c}, Q ={1, 2, 3} and a function f: P — Q defined by f (x) =2,V x € P isan

example of constant function.

Identity Function:

A function, f: P — P is said to be identity

function if there exits an elementp € P

such that f(p) = p for p € P. Here, domain

of f is P and range of the function of

fisQ.

Absolute value function:

A function, f: R — R is said to be Absolute value function if it is defined as

>0 . . . .
fp)=Ipl= {_pp_< o - Here, domain off is R and range of the function f is the set of all none

negative function.
Equal Function:

Let f: X— Y and g: X = Y are two maps. Then the mappings f and g are said to be equal iff

f(x) =9(x) Vx €X
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and this relationship is expressed by writing f = g. In case of equal maps, the domains of mapping are

the same.

Invertible Function:

Let f: P>Q is a one — one onto function. Then f1: Q — P is called the inverse mapping or inverse

function of ‘f’.

Symbolically: If f: P —» Q is a mapping such that

f(P)=Q

then f1: Q - Pis given by f1 (Q) =P

In the form of ordered pair, it can be defined as follows;

If f={(x,y):x€eP, y €Q}

Thenfl={(y,x):x€P, y €Q}.

Theorem 1: If f: A — B is one — one and onto then f is invertible.

Proof: Let f: A — B is a one — one onto mapping and y € B then 3 a unique x € A such that
y =f(X) (since f is one — one onto)

define g: B — Asuchthatg (y) = x

then gof[x] =g [f(x)] =g (y)

= x=1aX) (since f (x) =)
> gof = Ia
Similarly,  (fog)[y] = flg(y)] = f (x) (since g (y) = x)
=y= Is(y)

fog = Is

Hence, f is invertible and f1 =g
Theorem: Every invertible function has a unique inverse.
Proof: Let f: A — B is an invertible function i.e., f is one — one and onto mapping.
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Let if possible there exists two inverse g; and g. of f.

Then (fog:) = Is and (fogz) = Is

= (fogs) (y) = (fogz) (y) = Is(y)

= T{0:(V)} = H{g2(y)}

= gu(y) = g2(Y)

=> 1= Q2 (~f isoneone)

Hence, inverse of f is always unique.

Example:14. If the function f: R - R, defined by f(x) = x?, then find f* (9) and f1(-9).
Solution: Given that f(x) = x? and function fisR - R

N £1(9) = {x € R: f(x) = 9}

= ={x€R:x?=9}
= ={x € R: x =13}
= = {+3,-3}

And f1(-9) = {x € R: f(x) =-9}
= ={x€eR:x*=-9}
- ={Xx €R: x = +3V—1 = ¢} (+3+v—1 is not a real number)

Finally,f* (9) = {3, -3}and f(-9) = @.

Composite Function or Product of Function:

Letf: X—>Yandg:Y — Zareany gof

two maps. Then we define a map ﬂ

gof : X = Z by the formula

(gof) (X) = g[f(X)] V x € X
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Example 15: Let the two maps f: R > Rand g : R — R, defined by fog(x) = sinx? and
gof(x) = sinx2.
Find the value of f(x) and g(x)
Solution: We have
(fog)(x) = sinx? = f(g(x))=sinx?.
And gof(x) =sinx>. = 9(f (x))=(sinx)?
From above , it is clear that
f(x)=sinx and  g(x)=x?
It is clear that these values of f(x) and g(x) satisfies (1) and (2).

Example.16: Let f: R — R and g: R - R be defined by f(x) = x* + 3x + 1, g(x) = 2x — 3. Find
fog and gof.

Solution: We can find
(fog)(x) = f(g(x)) = fF(2x —3) = (2x — 3)? + 3(2x — 3) + 1 = 4x2- 6x+1

and (gof)(x) = g(f(x)) = g(x*+3x+1) =2(x? +3x+ 1) -3 =2x% + 6x — 1.

Solved examples

Example.17: Let f: R — R be defined by f(x) = 3x + 4. Show that f is invertible and find the

ffLR-R.

Solution: we have given that, f(x) = 3x + 4,x € R. f(x) is one-one, then we can write, f(x;) =

flxy), @3x1+4=3x,+4=>3x; =3x, > x; = X3

Which reflect that f is one-one.f(x) isonto: k €R,f(x) =k=3x+4=k
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(k-4)

ER
3

=>x =

(k—4)
3

We have, f( ) = k, hence f(x) is an onto function and so f(x) is an invertible function, then we

can find out the inverse of the function. We can easily see that,

FE2) =kker

(k-4)

=710 = (5

), forevery k € R

Foreveryx € R, f~1(x) = (@)

Example.18: In each of the following cases, state whether the function is onto, one- one or bijective.

Justify your answer.
(i)  f:R — R defined by f(x) = 3 — 4x.
(i) f:R - R defined by f(x) = 1 + x2.

Eifnisodd
(iiiy f:N > N defined by f(x) =1 2

n. .
ElfnlS even

Solution: (i) First, we will prove that, f: R — R is one-one function, for this f(x) = f(y) >3 —4x =3 —

4y = x = y. It means that f is one —one and given that y € R,? €R
Such that, f (?’TT”) =y = f is onto function and it is also bijective function.

(i) It is given that f:R - R defined by f(x) = 1+ x? and if we take by 1,—1 € R, thenf (1) =

f(—1) = 2, sof is not one-one and so f is not onto function similarly f is not bijective function.
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(iii) If we choose, 3,4 € N and obviously 3 # 4 but f(3) = f(4) = 2. So f is not one-one. Therefore f

IS not bijective.
Example.19: Let A = {1,2}. Find all one - one function from A to A.

Solution: We suppose that, f:A — A is one to one function and f(1) has two choices namely, 1 or 2.

Therefore f(1) = 1or f(1) = 2.

Condition 1: When f(1) = 1. As f: A — A is one-one. Therefore, f(2) = 2. Thus f(1) =1 or

Q) = 2.

Condition 2: When f(1) = 2.Since f:A — A isone-one. Therefore, f(2) = 1. Thus f(1) = 1 and

f(2) = 1. So there are two one-one functions say f and g from A to A given by

f()=1,f2)=2 and g(1) =2and f(2) = 1.

Example.20: Show that the function f: A — A given by f(x) = ax + b, where a,b € R,a # 0 isa

bijection.

Solution: First, we will prove that, f: R — R is one-one function, for this f(x) = f(y) @ ax+ b =

ax+b=x=1y.S0 f: A — Alisan injective function.

Subjectivity: If we choose, y € R, then f(x) =y thus,ax + b=y = x = yT:b € R(Domain)for

all y € R(Co — domain) such that

f)=f (%) =a (yT_b) + b = y. So f(x) is surjective

Example.21: Show that f: N - N defined by
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n+1 . .
Tlfnls odd

f&) =

wo is @ many —one onto function.
> if niseven

1+1

Solution: We see that, f(1) = Tzl and f(2) = 1.

Here, we can see that if we choose, 1,2 € N and obviously 1 # 2 but (1) = f(2) = 1. So f is many

one function.

Surjectivity: If n is an odd natural number, then (2n — 1)is also odd natural number such that

2n-1+1 _

fn-1) =221

If nisan even natural number, then (2n)is also even natural number such that

f(2n) = Zz—n =n.
Thus, every element n € N(whatever even or odd) there exits its pre —image in N. Sof is a surjective.

Hence f is many —one onto function.

Example.22: Let f = {(x liz

x2

) X € R} be a function from R to R. Determine the range of f.

x2
2

Solution: it is given that,f: R — R is a function, such that f(x) = v

We Suppose that, f(x) = y, then x? = y(1 + x?)

Since, x ER, g—y >0and (1 —y)+# 0. Wefindthaty > 0,y # 1and(1 — y) > 0. Therefore, 0 <
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y < 1 and the range of fis y € [0,1).

2.7 Summary

This units includes concepts like relations, partial order relations, equivalence relation, and functions.
Group theory, which focuses on symmetry and patterns, originated in the 18th century with Lagrange,
while Galois introduced groups to solve polynomial equations. In the 19th century, Cauchy, Jordan,
Cayley, and Klein further developed the field by applying groups to geometry. By the 20th century, group
theory became essential in physics, chemistry, cryptography, and computer science, helping explain

atomic structures, quantum mechanics, and algebraic systems.

Set theory provides the foundation for most mathematical structures, while group theory plays a crucial
role in understanding symmetry and transformations. Key topics include relations, types of relations, and

functions, types of functions.

2.8 Terminal Questions

1. Letf:A — Bandg:B — C be two functions such that gof: A — C. Show that If gof is onto, then g is

onto.

2. Show that the function Let f: N — N defined by f(x) = x? + x + 1,x € N is not invertible.

3. Letf:Z — Zdefined by f(x) = x + 1. Find g: Z — Z such that gof = 1.

4. Iff:R - R defined by f(x) = 6x + 1,x € R, show that the function f is one-one, onto.

5. Draw the graph of the function

1,x>0
f(x)] 0,x=0 ,x€R.
-1,x<0
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6. If gof is one-to-one, then f is a one-to-one.

7. If gof is onto and g is one-to one, then fis onto.

8. Let f: Z —» Z defined by f(x) = 2x. Find g: Z — Z such that fog = 1.

0. Let A = {a, b}. List all relations on A.

10. Let A = {a,b,c} and let B = {1,2}. Find the number of relations from A to B.

11. Let A = {a,b}and let B = {1,2,3}. Find the number of functions from A to B.

12. Let A = {a,b,c}and let B = {1,2,3}. Find the number of onto functions from A to B.

13. Let A = {a,b,c}and let B = {1,2,3}. Find the number of into functions from A to B.

14.  Let A = {a,b,c}and let B = {1,2,3}. Find the number of one-one functions from A to B.
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UNIT- 3: Introduction of Group Theory

Structure

3.1 Introduction

3.2  Objectives

3.3  Binary Operation

3.4  Algebraic Structure

3.5 Group

3.6 Abelian Group or Commutative Group

3.7  Semi Group and Monoid

3.8 Finite and Infinite Group

3.9 Composition table of finite group

3.10 Summary

3.11 Terminal Questions

3.1 Introduction

Group theory is one of most important fundamental concepts of modern algebra. Groups arise naturally

in various mathematical situations. They have found wide applications in physical sciences and biological
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sciences particularly in the study of crystal structure, configuration molecules and structure of human
genes. The structure of a group is one of the simplest mathematical structures. Hence, group may be
considered as the starting point of the study of various algebraic structures. Group theory is a branch of
mathematics that studies patterns and symmetry in numbers, shapes, and equations. It started in the 18th
century when Lagrange studied how numbers could be rearranged. Later, Galois introduced the idea of a
"group” to help solve equations.In the 19th century, Cauchy, Jordan, and Cayley developed group theory
further, and Klein used it to study geometry. In the 20th century, group theory became important in science
and technology, helping in physics, chemistry, cryptography, and computers.

Today, group theory is widely used in both mathematics and real-world applications. In this unit, we will
discuss the concept of binary operation, algebraic structure, group, abelian group, finite and infinite group

and composition tables of finite groups.

3.2 Objectives

After studying this unit, the learner will be able to understand the:

" binary operations

. algebraic structure
. group, abelian group, semi group and monoid
" finite and infinite group

= Composition table of finite group

3.3 Binary Operation

A binary operation (*) on a non - empty set G also called a binary composition inthe set G, ifVa, be G
thena*b € G.
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i.e. G is closed with respect to the operation denoted by (*). Examples are given below:

(i) Addition is a binary operation on the set R of real number as well as N of natural number.

(ii) Subtraction is a binary operation on R, since for difference of two real numbers is also real number.
(iii) Multiplication is a binary operation on the set of real number and natural number both.

Remark: Subtraction and Division may or may not be a binary operation on the set of natural number.

3.4 Algebraic Structure

A non-empty set, A # ® which has one or more than one binary operation (*) satisfies the closure
property then it is called algebraic structure and it is represented by (A, =). In place of *; we can take the
symbols as(A, + ), (A,—), (A, x)and (A, +).

Example 1: Let us suppose that N is a set of natural number then (N, + ) is algebraic structure because
it is close with respect to addition if we choose any two number from this set and after adding these
numbers the resulting number is also belong to the natural number. Numerically it can write, if Va,b €

N, then a + b € Nis called algebraic structure with respect to addition.

Justification: We take 1,2 € N, then 1 + 2 = 3 € N, it means that it is closed with respect to addition,
so (N, + ) is algebraic structure with respect to addition. In this similar way, (N, X ) is an algebraic
structure with respect to multiplication because natural number satisfies the closure property.(N, — ) and
(N,=+ ) are not algebraic structure with respect to subtraction and division. If we choosel, 2 € N, then

1—2 = —1 ¢ N it means that it is not close with respect to subtraction. Hence (N, —q ) is not algebraic
structure with respect to subtraction. Similarly, if we choose1,2 € N, then 1 + 2 = % ¢ N it means that

it is not close with respect to division. Hence (N,= ) is not algebraic structure with respect to division.

We have discussed algebraic structure on some other sets which is given below in the Table 1.

Table 1 - Information about algebraic structure on some operations

Set with operation Algebraic structure
(Z,+) Yes
z,-) Yes
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Zx) Yes
=) No
(R +) Yes
(R ) Yes
(Rx) Yes
(R+) No

3.5 Group

Let A be a non-empty set and a binary operation denoted by (*), then the algebraic structure (A,*) is
called Group, if the binary operation satisfies the following postulates-

1. Closure axioms: Let a, b be the elements of the set A. Then ¥ a,be A , also a*b € A
2. Associative axioms: Let a, b and ¢ be the elements of the set A. Then

@*b)*c=a*(b*c) Va,b,ceA

3. Existence of identity: There exists an element e € A, called identity such that

a*e=ze*a=za Va€eA

4, Existence of inverse: For each element ‘a’ of A, there exists an element ‘b’ in A, such that
b*a=e=a*b

The element ‘b’ is then called the inverse of ‘a’.

i.e. b=at

or alaze=aal

3.6 Abelian Group or Commutative Group

A group (A,*) is said to be abelian group if in addition of the above four postulates the following postulate

is also satisfied.

5. Commutative: Let a and b are the two elements of the set A then
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a*b=b*a VabeA.
Examples:
1. (Z,+),(Q, +), (R, +) are all commutative groups w. r. t. addition. Zero (0) is the identity and (- a) is

the inverse of ‘a’ for all mentioned group.

2. (Qo,*), (Ro,*) are commutative group w. r. t. multiplication 1 is the identity and 1/a (a) are the

inverse of ‘a’ in each case.

Note: Qo is Q — {0} i.e., set of Rational Number excepting zero.
3. The set of all m x n matrices (real or complex) with matrix addition as a binary operation is a

commutative group. The zero matrix is the identity element and the inverse of the matrix A is - A.

Note: A group consisting of the identity element alone is called a trivial group, other are called non —

trivial groups.
Example 1: Show that the set G = {a + bv2: a, b € Q}is a group with respect to addition.
Solution: Closure Property: Let X, y be any two elements of G. Then
Xx=a+bv2, y=c+dv2, where a, b, c,d €Q
now, x+y=(a+bv2)+(c+dv2)

=(@a+c)+(b+d)v2
Since a + ¢ and b + d are elements of Q, therefore (a + ¢) + (b + d) V2 € G.
Thusx +y € G V X,y € G. Therefore, G is closed with respect to addition.
Associativity: The elements of G are all real numbers and the addition of real number is associative.
Existence of Left Identity: We have 0 + 0 V2 € G since 0 € Q.
If a + bV2 is any element of G, then
(0+0vV2) +(a+bv2)=(0+a)+(0+hb)V2

=a+bv2

Therefore, 0 + 0 V2 is the left identity.
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Existence of Left Inverse: We have

a+bV2e€eG = (—a)+(—bV2€G

sincea,beQ=—abeq.

Now, [(— a) + (— b)v2] + [a + bv2] = [(—a) + a] + [(=b) + b]V?2
=0+0v2
= the left identity.

~ = (— a) + (= b)VZ is the left inverse of a + bv/2.

Hence G is a group with respect to addition.

Example 2: Show that the set of matrices

_[cosa —sina
o=

) ] ,where a is a real number, forms a group under matrix multiplication.
sSina cosa

cosa —sina

) ],Where o €
sina  cosa

Solution: Let G denote the set of matrices Aaz[

R.Here R is a real numbers.
To prove that G is a group with respect to matrix multiplication, we have to prove following axioms-

Closure Property: Let A,, Ag be any two elements of G where o, B € R . Then

4 _ [cos a —sin 0(] [COS B —sinf
“F " lsina cosallsinB  cosp

_ [cos(a +B) —sin(a+ B)
~Isin(a+B) cos(a+ B)

= A+p) € G, since (e +B) ER
Therefore, G is closed with respect to matrix multiplication.

Associativity: The elements of G are all real numbers and the multiplication of real number is associative.

Hence matrix multiplication is associative.

Existence of Left Identity: Since 0 € R, therefore
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cos0 —sin0

sin0 cosO ] €G

Ao =|
If A, be any member of G, then
AgAq = Agta
=A,.
Therefore, A, is the left identity.
Existence of Left Inverse: Let A, € G. Then A_,) € G because
a€R =>—-a€R.
Now A_p)de = ACa)ia
=4,
= the left identity.
= A(_q) is the left inverse of 4,,.
Thus each element of G possesses left inverse.

Hence G is a group with respect to matrix multiplication.

3.7 Semi Group and Monoid

Semi Group:

Let a non-empty set A, and a binary operation (*), then this algebraic structure (A, *) is called Semi

Group if the binary operation is associative.

i.e.Vab,ce€A, then(axb)*xc=ax(b=*c).

Example.1: we have proved (N, + ) is algebraic structure. This algebraic structure may or may not be

semi group if it holds the associative property then it will be semi group. If 2,3,5 € N, then(2 + 3) +

5=2+ (3 +5) = 10. It means the algebraic structure (N, + ) holds the associative property so, (N, + )

is a semi group.The algebraic structure(N,X ) is also semi group whereas (N,= ) and (N, — ) are not

semi group because it is not algebraic structure and also do not satisfy the associative property with
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respect to division and subtraction.
Monoid:

Let anon- empty set A, and a binary operation (x)then this algebraic structureis called Monoid if it satisfy

the identity property.
I. €.V a € A thereis an elements e such that axe = e xa = a.

Also, we can say that a semi group satisfies the identity property then it is called Monoid. As we know
that (N,x )is a semi group with respect multiplication and also it is monoid because the set of natural
number has multiplicative identity which is 1 whereas (N, + ) is a semi group with respect to addition

but there is no additive identity in this set of natural number so this not monoid.

3.8 Finite and Infinite Group

A group (G,*) is categories as finite of infinite group according as number of distinct elements of G is

finite or infinite.

Order of a Group: The number of distinct elements in a finite group (G,*) is called order of the group.

An infinite group is said to be of infinite order. The order of a group (G, *) is denoted by O (G).
Example: If G is a group of even order, prove that it has an element a # e satisfying a° = e.

Solution: Suppose G be a group of order 2n, where n is a positive integer. We shall prove that G must

have an element a # e such that a* = a. We shall prove it by contradiction.

Let G has no element, other than identity element e, which is its own inverse. Now in a group every
element possesses a unique inverse. The identity element e is its own inverse. Further if b is the inverse
of ¢, then c is the inverse of b. so excluding the identity element e, the remaining 2n-1 elements of G
must be divided into pairs of two such that each pair consists of an element and its inverse. But we cannot

do so because the odd integers 2n-1 is not divisible by 2. Hence our initial assumption is wrong.
So in G there is an element a # e such that
a=a!=aa=ala=a%=e¢

Example: Show that the set of Real Number R is a group with respect to the operation of addition of
integers.
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Solution: Closure property: Since sum of two real numbers also a real number.

i.e,a+tbeRVabeR.
Thus R is closed with respect to addition.
Associative Law: Since addition of real number is associative composition.
ie.(@+b)+c=a+(b+c) Va,b,ceR
Existence of identity: For the element Zero € R we have
0 +a=a+ 0 =a Va€ IR
Therefore, real number zero (0) is the identity.
Existence of Inverse: If a € IR, then —a € IR and also, we have (-a) +a =0 =a + (-a).
Thus, every real number possesses an additive inverse. Thus (R, +) is a group with respect to addition
We have shown the examples of the group in the Table 2.

Table 2 Examples of Group

Set  with | Algebraic Semi group Monoid | Group

operation structure
(N,—) No No No No
(N,=) No No No No
(Z,+) Yes Yes Yes Yes
(z,-) Yes No No No
(Z,x) Yes Yes Yes No
(Z,+) No No No No
(R, +) Yes Yes Yes Yes
(R,—) Yes No No No
(R,%x) Yes Yes Yes No
(R,+) No No No No

Exercise: - Write which of above Group are abelian group?

PGMM-106-MAMM-106/65



Check Your Progress Report

Q.1. State the axioms which a set must obey so that it may form a group.

Q.2. Show that the set Q of all rational numbers form a Group with respect to addition.

Q.3. Is the Set R, of all non-zero real numbers are group with respect to multiplication?

Q.4. Do the set | of integers, a group: (i) With respect to subtraction? (ii) With respect to multiplication?

Q.5. Do the positive irrational numbers form a group with respect to multiplication operation?

3.9 Composition Table of finite Group

A binary composition in finite set can be represented in a tabular form known as Composition table. Let
us suppose that P = {pl, D2, D3, e e ....pn,} finite set having n different elements. We manage the
elements of the set P in a horizontal row as well as in a vertical column. The element p; p; connected to
the ordered pair(pi, p]-,) is put at the intersection of the row headed by p; and the column headed by p;.

The composition table for a finite group contains each member exactly ones in each of its rows and

columns.
Example: Show that fourth roots of unity namely 1, —1, i, —i form a group with respect to multiplication.

Solution: Let P ={1,—1,i,—i}. To show that multiplication is a composition in P, we make the

composition table
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From the composition table, we can get some conclusion regarding group.

1. Closure property:

In the composition table, all elements of the set P are present in each rows and in each columns. It means
that P is closed under multiplication.

2. Associativity:

The members of P are complex numbers and as we know that the multiplication of complex numbers is
associative.

3. Existence of identity:

We have 1 € Pand 1 a =V a € P. It means that 1 is the multiplicative identity of the finite set P.

4. Existence of inverse:

From the composition table, each member of the finite set P has inverse.

The inverse of 1,—1,i,—iare 1,-1, —i and i.

The given finite set P satisfied all axiom of group. Hence P is group under multiplication.
Addition modulo (+,)

Let us suppose that a and b are any integers then the addition modulo m can be define and it is represented
by a+,,b where m is fixed positive integer. By definition, we have; a+,,b =s,0 < s <m wheres is
least none - negative remainder when a + b is divided by m and a + b is ordinary sum of a and b.
Example 18454 = 2, since 18 + 4 = 22 = 4(5) + 2 i.e where 2 is least non- negative remainder when
18 + 4 is divided by 5 and 22 is ordinary sum of 18 and 4. Similarly—8+,4 = —-2(2) +0 =
0.—23433 = —20 = =3(7) + 1.

Problem under addition modulo(+,,)
Show that set P = {0,1, 2,3,4,5 } is a finite abelian group of order 6 with respect to addition modulo 6.

or

Show that set P = {0,1, 2,3,4,5 +} is a finite abelian group of order 6.

Solution: Given that a P = {0,1, 2,3,4,5 }. To show P is abelian group, we form a composition table of a given

set under addition modulo 6 which is given below;
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+e 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

1. Closure property:

It can be easily seen that all entries in the composition table are the member of the set P. It means that
(P, +¢) is closed under addition modulo 6. Hence closure property holds.

2. Associativity:

If we choose any three numbers from the set i.e. if V a,b,c € P, then(a+¢b) +¢c=a+4(b+4¢) =
s which is least none-negative remainder when (a+b)+c /a+ (b+c) /is divided by 6 . The
composition '+’ is associative. Hence associativity is holds for the given set.

3. Existence of identity:

Wehave 0 € Pand 0 +4a = a,V a € P. It means that 0 is the additive identity of the given set P.

4. Existence of inverse:

From the composition table, each member of the finite set P has inverse. The inverse of 0,1, 2, 3,4,5 are
0,5,4,3,2and 1.

5. Commutative group:

The composition is commutative as the corresponding rows and columns in the composition table are

identical and it show the property of commutative.

The given finite set P satisfied all axiom of group. Hence P is group under addition modulo 6and also

satisfied the commutative property with respect to addition modulo 6. Hence the given set is abelian

group.
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Multiplication modulo (X,)

Let us suppose that a and b are any integers then the multiplication modulo m can be define and
it is represented by a x,, b where m is fixed positive integer. By definition, we have; a X, b = 5,0 <
s <m where s is least none- negative remainder when a X b is divided by m and a x b is ordinary

multiply of a and b.

Example: 8 x5 4 = 2,since 84 = 32 = 6(5) + 2 i.e where 2 is least none- negative remainder when
8 X 4 is divided by 5 and 32 is ordinary multiply of 8 and 4. Similarly—3 x, 4 = —6(2) + 0,—-3 X3 3 =
—20=-3(3) + 0.

Problem under multiplication modulo(x,)

Example: Show that set P = {1,2,3,4,5,6, X} is a finite abelian group of order 7 with respect to

multiplication modulo 7.
or
Show that set P = {1, 2,3,4,5, 6, X} is a finite abelian group of order 7.

Solution: Given that P = {1, 2,3,4,5,6, X,}. To show P is abelian group, we form a composition table

of a given set under multiplication modulo 7 which is given below;

x, | 1] 2] 3 [4] 56

1 1] 2 3 |4 5|6

1. Closure property:
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It can be easily seen that all entries in the composition table are the member of the set P. It means that

(P,x5) is closed under multiplicative modulo 7. Hence closure property holds.

2. Associativity:

If we choose any three numbers from the seti.e. if V a,b,c € P, then (a X7 b) X, c=a X5 (b X5c¢c) =
swhich is least non-negative remainder when (a X, b) X7 c /a X5 (b X5 c) is divided by 7. The
composition ' X " is associative under multiplication modulo 7. Hence associativity is holds for given
set.

3. Existence of identity:

Wehave1 € Pand 1 X, a =a,V a € P. It means that 1 is the multiplicative identity of the given set P.

4. Existence of inverse:

From the composition table, each member of the finite set P has inverse. The inverse of 1, 2, 3,4,5,6 are
1,4,5,2,3 and 6 respectively.

5. Commutative group:

The composition is commutative as the corresponding rows and columns in the composition table are
identical and it show the property of commutative. The given finite set P satisfied all axiom of group.
Hence P is group under multiplicative modulo 7 and also satisfied the commutative property with respect

to multiplicative modulo 7. Hence the given set is abelian group.

Check your progress report

Q.1. Show that the set G = {...,37%,373,372,371,1, 3,32, 33, ...} forms an infinite abelian group with

respect to multiplication Groups.

Q.2. Show that set of all possible rational numbers (real numbers forms an abelian group with respect to

multiplication of numbers.

Q.3. Show that set G = {1, —1} is a finite abelian group of order 2 under multiplication ascomposition.

Some elementary properties of group:

Let us considered that ' =  is a binary operation defined on a group P.
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Theorem 1: To prove that (ab)™* = b~ 1a™! Va,b € G i.e. the inverse of the product of two element
of G is the product of the inverses taken in the reverse order.
Proof: Leta, b € G. If a1 and b~ are the inverse of a and b respectively, then

1

a~la = e = aa~1, where e is the identity element and

b'b=e=bb"?

Now (ab)(b~'a™1!) = [(ab)b™']a™! [Compositionis assocative]
= [a(bb™1)]a™? [By associativity]
= (ae)a™* [bb~t = €]
=aa™l [ae = a]
=e [aa™! = ¢]
Also, (b-*a"1)(ab) = b~ [a"1(ab)] [Compositionis assocative]

= bt[(a "a)b]

= b~1(eb)

=b~1b

=e
Thus we have (b~ta"1)(ab) = e = (ab)(b™'a™1)
By definition of inverse, we have (ab)™* =b~t'a! Va,b €G
Hence proved.
Note 1: In additive notation the statement of above theorem will b
- (@a+b)=(-b)+(-a).

Note 2: The rule given in this theorem is known as the reversal rule. It can be generalized by induction
as follows:

Ifa,b,c,...... , k are in G then
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(abc....kt=kt...ctbtal

Theorem 2: Vx € P,thenx l+x=e=x=x"1ie. the left inverse of an element is equal to right

inverse of an element.
Proof: - Let x~1 be the left inverse of an element x of a group P, so that

xlxx=e (e being the identity) (1)
To prove that x* is also the right inverse of x, it is enough to show that

x*x 1=e )
By Associative Law,
x1* (x * x1) = (x1*x) * x?

=e*x? [oy (1)]

Thus,
X-l * (X * X-l) — X-l *a

By left cancellation law, this gives

Hence proved
Theorem 3: - If Vx,y,z € P,then (x *y) = (x *z) = y = z and also known as left cancelation law.

Proof: - Given that(x*xy) = (x*z),Vx,y,z€ P. As we know that P is group then x~! € P.

Multiplying by x~1on left side of the equation (x *xy) = (x * z), then we can write

tr(xx2)

x1x(x*y)=x"
By using of associativity property, we can write

xlxx)xy=(x"1xx)*z,
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where (x7! = x) and (x~1 = x) are equal to the identity ‘e’ by using the property of identity.
(e)xy=(e)xz=>y =z By left cancelation law

Hence proved

Theorem 4: If Vx,y,z € P,theny * x = z* x = y = z and also known as right cancelation law.

Proof: - Giventhaty xx = z* x,V x,y,z € P. Aswe know that P is group then x=1 € P. Multiplying

by x~on right side of the equation y xx = z = x, then we can write
(y#%) #x T a= (2 %) xx71

By using of associativity property, we can write
y*(xxx) =zx(xxx7")

where (x *x™1) = eand (x *x x™1) = e from the theorem 2.

y * (e) = z = (e) , from the theorem 1, we get

<
Il
N

Hence proved
Theorem 5: The identity element (e) in a group P is unique.

Proof: Let us consider that if possible e and e’ be two identity elements of the group P and then as e is

an element so we can write it x * e = x.
Similarly as €’ is an identity element of the group P then we can write x x e’ = x.
Now, x*e =xandxxe' =x=> x*xe=xx*¢e'
= e=¢' (bycancelation law)
It means that identity element in a group is unique.

Theorem 6: The inverse element (x~1) in a group P is unique.

Proof: Let us consider that if possible a and b be two inverses of x and then as e is an element so we can

write it a * x = e = x * e. Similarly, as b is another inverse of x then we can writeb*x = e = b * x.
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Now,a*x =eandb*x=e=>a*xx=bx*x
= a=b
It means that inverse element in a group is unique and hence proved.
Theorem.7: If V x € P,then(x~ 1)1 = x i.e the inverse of xtis x.
Proof: - As per consideration, since x~1 is inverse of x
xleax=e=x"1xx
which also implies that x is inverse of x!

Thus, (x 1)1 =x

Hence proved.

Solved Example

Problem.1: If P is a group in which (xy)™ = x"y™ for three consecutive integers n and any x,y in P,

then P is abelian.

Solution: Suppose n,n + 1,n + 2 are three consecutive integers and for which the given condition holds,

then for any x,y € P.

(xy)" = x"y" -.-(1)
(Xy)n+1 — Xn+1yn+1 _“(2)
(Xy)n+2 — Xn+2yn+2 '“(3)

Now, from the equation (3) we can write
(xy)™2 = (xy)" " (xy)
Xn+2yn+2 ::(Xn+1yn+1)(xy)
n+1,,n+1

xx"y" Ty = xx"y"y(xy)

x0tlyntl — ynynyy [by using of left and right cancellation law]
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Gy)™ = (xy)" yx
Further as

(xy)"(xy) = (xy)" yx
Xy = yX [by using of left cancellation law]
Hence P is abelian group.

Problem 2: Show that if a, b are any two elements of a group P, then (a b)? = a b? if and only if P is

abelian.
Solution: Let P be an abelian group, then
(ab)* = (a b)(ab)
=za(a)b
=a(ab)b [since P is abelian]
=(aa)(bb)
=a’b?
Conversely: Let a, b be any two elements of P then
(ab)?=a?b?
(ab)(@ab) = (aa) (bb)
a(bayb=a(ab)b
ba=ab [by using of left and right cancellation law]
Hence P is abelian.
Problem 3: Prove that if for every element a in a group G, a® = e, then G is an abelian group.
Solution: Let a and b be any element of G. Then ab is also an element of G.

Therefore (ab)? = e.
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Now, (ab)’=e

= (ab)(ab)=e

= (ab)! =ab = blal=ab.
But a’=e = aa=e
sal=a

Similarly, b>=e = bl=h.

Therefore from above we get

ba=ab
Thuswe haveab=ba Va,b€G.
Therefore G is an abelian group.
Problem 4: Givena xa = b ina group G, Find x.
Solution: We have

axa=h

= ataxa=a'b
= (ata)xa=alb
= e(xa)=alb
= xa=alb
= (xa)al=albal
= x(a'a)=alba?
= xe=a'bal

= x=altbal
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3.10 Summary

Group theory is a fundamental concept in modern algebra that appears naturally in many mathematical
areas. It has wide applications in physical and biological sciences, including the study of crystal structures,
molecular configurations, and human genes. Groups provide a simple mathematical structure and serve as
a starting point for studying other algebraic structures. Group theory began in the 18th century with
Lagrange, followed by Galois, who introduced the formal idea of groups. In the 19th century, Cauchy,
Jordan, Cayley, and Klein further developed the field. By the 20th century, group theory became crucial
in physics, chemistry, cryptography, and computing. Today, it is widely used in both mathematics and
real-world applications. This unit will cover binary operations, algebraic structures, groups, Abelian

groups, finite and infinite groups, and composition tables of finite groups.

3.11 Terminal Questions

Q.1. (i) Distinguish between an abelian and a non - abelian group. Give an example of each.
(i) In group theory, prove that the left axioms imply the right axioms.

Q.2. Show that the set G of all square matrices a[i, j],nxn Such that det.a[i,j] = %1 is a group under

matrix multiplication. Show also that those metrices in G for which det. a[i, j] = 1 form a group.

Q.3. Show that set of all matrices[g 2] where a and b are non zero real numbers, is a group under

matrix multiplication.

a
Q.4. Show that set of all matrices [CO Cl_’a], a and b are real numbers not both equal to zero, is a group

under matrix multiplication, ¢ being a positive constant.

Q.5. Show that set of all matrices [—ab Z] where a and b are real numbers not both equal to zero, is a
group under matrix multiplication.

cosa sina 0
Q.6. Show that the set of matrices | —sina cosa 0
0 0 0

where « is a real number forms a group under matrix multiplication.
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Q.7. Show that the four constants f;, f>, f3, f» on set of complex numbers defined by

fi(@) =2,f,(2) = —z,f3(2) = %:ﬁ;(Z) _ 1

Z
forms a finite abelian group with respect to composite composition.

Q.8. Show that the set of complex numbers z with |z| = 1 is not a group under the operation * denoted

by zy xz; = |z4].2,
: 1 01-1 0111 071[-1 O o
Q.9. Show the four matrices [0 1) [ 0 1],[0 _1],[ 0 _1] form a multiplicative group.

Q.10. Show that the set of numbers forms an abelian all positive rational numbers (real group with respect
to multiplication with operation * defined bya*b=a+b + 2.

Q.11. Prove that the set rational numbers of the form rzn—n (m,n integers) is a group under addition.
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Block-2

Group Theory

Group theory has an interesting history linked to the study of patterns and equations. It started in the 18th
century when Joseph-Louis Lagrange looked at how the roots of equations could be rearranged, called
permutations. Later, Evariste Galois introduced the idea of a group to help solve difficult equations, which
became the basis of modern group theory. Permutations help us understand how elements in a set can be
organized, especially in symmetric groups. Subgroups are smaller groups within a bigger group that follow
the same rules, and they help in understanding the overall structure. Group theory, especially through
permutations and subgroups, is useful in many areas like solving equations, understanding molecules and

crystals, and creating secure codes in cryptography and computer science.

Today, both set theory and group theory are essential in both pure and applied mathematics, forming the
foundation for many modern mathematical theories and practical applications. In the fourth unit we shall
discuss about the permutations, groups of permutations, cyclic permutations, even and odd permutations.
In the fifth unit we shall discuss about the order of an element of a group and some important theorems
based on order of an element of a group and isomorphism on groups. In the sixth unit we shall discuss
about the complexes and subgroups of a group, intersection of subgroups, cosets, right and left cosets,

Lagrange’s theorem, Fermat’s theorem, Cayley’s theorem and Euler’s theorem.

PGMM-106-MAMM-106/80



UNIT- 4: Permutations Groups

Structure

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

Introduction

Objectives

Permutations

Equality of two Permutations
Identity Permutation
Product of two Permutations
Inverse Permutation

Group of Permutations

Cyclic Permutation, Transposition and Disjoint Cycles

4.10 Even and Odd Permutations

411 Summary

4.12 Terminal Questions

4.1 Introduction

The concept of permutation groups started in the 18th century when Joseph-Louis Lagrange studied how

the roots of equations could be rearranged, which helped develop early ideas about permutations in math.

In the 19th century, Augustin-Louis Cauchy made the study of permutations more organized by

introducing a way to write them (cycle notation) and studying their structure. Later, in the 1830s, Evariste
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Galois made a major discovery by connecting permutation groups with solving equations. His work,
known as Galois Theory, showed that whether an equation can be solved depends on the properties of its

related permutation group.

In 1854, Arthur Cayley showed that any group can be seen as a permutation group, helping build
the basics of modern group theory. Today, permutation groups are an important part of algebra and are

used in many fields like coding, science, and computer studies.

4.2 Objectives

After studying this unit the learner will be able to understand the :

Permutation

" Equality of two permutations

. Identity permutation, product of two permutations
" groups of permutations

. cyclic permutations, even and odd permutations

4.3 Permutations

Let A= {al, a,, Agy.eeennnnns , an} be a finite set having n distinct elements. A permutation is a

function which is one one onto. The number of elements in the finite set A is called as the degree of
permutation.
Consider A={a,,8,,8;,8,,85,........ ,a,_,,a, } isafinite set having n distinct elements. If

f:A— Aand f isone-one onto function, then f is a permutation of degree n .
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Suppose f (a,)=hb,, f(a,)=b,, f(a,)=hb,, f(a,)=b,,........ , f(a,)=b,, where

{b,,b,,b,,b,,........ b,_..b,}={a.a,,a;,a,,........ &, 4,4, } ie.,

b.b,,b;,b,,.......... , b, ;. b, isnothing but some arrangement of the n elements of A.

n

& Ay A A, e e a,

b b, by b, ... bj e, each element in the

For write this permutation, we have f =[

second row is the f image of the element of the first row.

If A={1, 2, 3} isafinite set having three elements, then

f—123f—123f 123
Tlas1) PTlas 2) PTls 2 1)
Here all the above permutations f,, f,, f,,...... are of degree three. So in the permutation f, the

elements 1, 2, 3 have been replaced respectively by the elements 2, 3, 1. Thus we have

f(1)=2 f(2)=3 f(3)=1.

4.4 Equality of Two Permutations

Let f, and f, are two permutation of degree n. Then f, and f, are said to be equal permutations

if we have f (a)=f,(a),vacA

Note. The interchange of columns will not change the permutations.

a b cd b d c a
For example, If f, = b ¢ d a and f, = cadob are two permutations of degree 4, then

we have f, = f,. Here we see that both f, and f, replace a by b, b byc, c by dandd by a.

al a2 a3 a4 . . _
Let f, = be a permutation of degree four. Here we can write f, it in several ways
b b, by b,
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as fO”OWS' _I; — aZ al a3 a4 — a4 ai a3 a2 — a4 a3 a'2 al etc
S b2 bl b3 b4 b4 Q b3 b2 .

4.5 ldentity Permutation

If 1, is a permutation of degree n such that I, replaces each element by the element itself, then I, is

called the identity permutation of degree n.

12 3...n a, a, a;...4, b, b, by....b ) . o _
Thus 1, = or or is the identity permutation of

degree n.
Note: 1. If A={a,, a,} isa finite set having two elements, then the identity permutation is defined as

| - & 8,

p - .
& 8

2.1f A={1, 2, 3} isafinite set having three elements, then the identity permutation is defined as

12 3

I, = _
123

3.1f A={a, b, c, d} isafinite set having four elements, then the identity permutation is defined as
| abcd
P labcd)

4. 1f A is a finite set having n distinct elements, then we shall have n'! distinct arrangements of the

elements of A.If A, be the set consisting of all permutations of degree n, then the set A, will have

n I distinct elements. The set A, of all permutations of degree 3 will have 3! i.e., 6 elements. Clearly
Ajz{(al a, asj (al a, aS] (ai a, asJ (ai a, asJ [61 a, asJ [ai a, asj}
a 8 a)\a a a)l\a & &) \a & a)l\a a a)lay a g
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4.6 Product of two Permutations

Consider f, and f, are two permutation of degree n. Then the product f, and f, is denoted as

f, T, ,is obtained by first carrying out the operation defined by f,and then by f,.

2 31
ff—123123
2723 1/l1 3 2
(12 3231
231)\l321
(123
32 1)

Here the permutation f, has been written in such a way that the first row of f, coincides with the second

12 3 123
Note: 1. If f, = and f,= 13 2 then the product f, and f, is denoted as

row of f,.

a a
2.1 1, —(al a2 and f, z[ai ajJ then the product f, and f, is denoted as

fr % azj a azj

a b cd a b cd
= and f,= c b a d then the product f, and f, is denoted as
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_abcd b a d c
b adc/lbcd a

(abcd

b cd al

a 2 PR a b, b, b,..... b,
4.1f ﬁz{a1 2 % 9 "J and f2=Lb1 S C"Jthentheproduct f, and f,

is denoted as

ff o a a, a; a;......... a, (b, b, by b,..... b,
27 b, b, b, b,..... b, \lc, ¢, ¢, cpuenne.. c,
(& 3 A A a,\(b b, by b,..... b,

b b, b, b,......... b, /)lc, ¢, C; Cpumnnnn... cC,
(A A, A A a,
“le, 6, € Cpnnne. c,)

For, f, replaces a, by b, and then f,replaces b, by c, sothat f,f, replaces a, by c,. Similarly
f, T, replaces a, by c,, a, by C,, ........... ,a, by c,.
f,f,=1"1,f as

Note: If f, and f, are two permutation of degree n then it is not essential that

permutation composition is not generally commutative.

4.7 Inverse Permutation

(A a, a; a, ... a, _
Let f = b, b, b, b b be a permutation of degree n  then
, Dby b, ... N
B b, b, b, b, ...... b,
f= [ai az az a4 a is known as the inverse permutation of degree n such that f
5 4 eeeees o
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fr=1,.
Since we know that a permutation is one-one onto map and it is invertiable.

123

2 31
5 3 1] is a permutation of degree three then the inverse of f is f =£ j

. f =
Note: 1. If [ 19 3

such that

ff_1_123 231
123 1)l12 3

al a'2 . . . . ffl_ a2 a1
2.1f f = is a permutation of degree two then the inverse of f is = such
a, a a @
that
f f—lz[al aZJ[aZ alj
a aj)lay &
:[ai azj
& &,
=1,.
abcd L, (badc
3.0f f = b a d c is a permutation of degree four then the inverse of f is f~ = a b c d
such that
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Solved Examples

a b c abc
Example 1. Let f, :{a c b} and f, :(b c aJ be two permutations of degree three. To show that

ff, = f,f,.

Sol. It is given that

Then we have

a b c)Yfa b c
f1f2 =
a c b/ilb c¢c a
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[SL )
o T
T O
~—_
TN
o o
D O
o T
N

and

Hence f f, = f,f, .

123 45 1 2 3 45
Example 2. Let f, = and f, =

ions of five. T
23451 12 4 5 3J be two permutations of degree five. To

find f,f,.

Sol. It is given that
((t23as) (12345
17123451271 245 3
Then we have
1 2 3 4 51 2 3 4 5
a8 J{ )
2 3 4 5 1)\1 2 4 5 3
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(123 45)23451
2345 1)\2 4531
B 12345
24531)
(& & (& & .
Example.3. Let f = N and f, = a be two permutations of degree two. To show that

ff,=f,f,.

Sol. It is given that

f1=[ai azj and 1=2=(al az]
al a2 aZ a'l

Then we have

and
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:(al aﬂ(% azj
a, a)\a a,

Hence f f, = f,f,.

Check your Progress

Q.1. Define permutation.
Q.2. What is inverse permutation?
Q.3. Explain the identity Permuation.

Q.4. What do you mean by product of two permutations?

4.8 Groups of Permutations

Theorem. The set A, of all permutations of n symbols is a finite group of order n! with respect to

composite of mappings as the operation. For n< 2, this group is abelian and for n> 2 it is always non-

abelian.
Proof. Let A={a,,a,,a,,...... ,a, } beafinite set having n distinct elements.
a, Ay a, )
Let f = be a permutation of degree n.
b, b,......... b,
Here elements b,,b,,b,,........ , b, of the second row are simply an arrangement of the nelements
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a,8,,85, ... ,a, of theset A.

The elements of the set of A can be arranged in n ! different ways. Therefore we shall have n ! distinct
permutations of degree n. If A, be the set of all permutations of degree n, then P, has n ! distinct

elements.

& Ay a b, by....... b,
Let f, = A% & "|and f,= bbby " | be any two permutations of degree n.
b b, by.... b C, C, Chyuvnennn c

n

They by definition of product or composite of two permutations, we have

‘s _(al A, Qg anj
12—
C, C Cyuverennn c

Obviously, f,f, is also a permutation of degree n, since c,,cC,,Cs,......... ,C, Is nothing but an

n

arrangement of the same n elements a , a,, a,,........ ,a, of the set A.

Thus f, f, e A V f,, f, € A,.. Therefore A, isclosed with respect to the composition known as product

of two permutations.

Associativity. We know that the permutation multiplication is associative.

A, A a b, b,..... b C, C Couvvrnnn. c
Consider flz(ai 2 & “j, fzz[b1 2 7 ”j, fsz[l 2 njareany

b b, by b, C, C Cyrvvvrrn C, d d, dyen.. d,
three permutations of degree n where b;,b,,b,,...... ,b,; C,C,,Chyunnnnn ,Cpy d,d,,dg,...... ,d, are
simply different arrangements of the same n elements a,, a,, a;,........ ,a, .

Then we have

PGMM-106-MAMM-106/92



(A 8 A a,
C, C Cherrnn. C,
Now
& A A anj (cl C, Chrvernnnn c, J
ff)f,=
(1 2) 3 [cl [ C, d d, d;..... d,
(31 &, Ay, anj
d d, dye.. d,
Also f.f bl b2 b3 ---------- bn C, C Cguvnnnnnnnns C,
213 A R R c,)ld, d, dee... d,
b b, by b,
d d, dyn... d,

Now we have

f(ff)zaiaza3 ............ a,) (b, b, by..... b,
S b, by b, J\d, d, dy..... d,
(a8 A a,
“ld, d, dyenn, d,

Thus (f,f,)f, =f,(f,f,).

_ _ . a a, a...4a, b b, b...... b, .
Existence of identity. Let |, = or |, = be the identity
a 8, 8.4 b b, b b,
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permutation of degree n. Then I, € A,

.......... a
If f, =[a1 2 % "j is any element of A , we have

8 8 .. a, )\b, b, by....b,
(A 3 A a,
b b, by b,

Hence the identity permutation Ip is the identity element.

q A Ay a,

Existence of Inverse. Let f, ={ J be any element of A

b b, byob

n

Then f* =£ ] is also an element of A, since f* is also a permutation of degree n .

We have
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Also

Hence the inverse of f, is f™.
Hence A, isa group of order n! with respect to product of permutations as composition.
If n=1, the set A, has only one element and every group of order 1 is abelian.
If n=2,theset A has 2! i.e., 2 element and every group of order 2 is again abelian.
Now we shall show that if n>2, A is non-abelian.
Consider f, and f, are two permutation of degree 5 such that

flz(l 2 3 4 5] and fzz[l 2 3 4 5]

23451 12 453

Then we have
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[12345][12345]

f1f2:

2 3 4 5 1/){1 2 4 5 3
(1234523451
2345 1)\l2 4531
(12345
l24531)
[12345][12345]

f2f1=
1 2 4 5 3 2 3 4 5 1
(12 3 45\ 12 453
"1 2 4 5 3)l2 351 4
(12345
2351 4)
f1:_12345 1:f_12345
Here L2 =15 4 53 1) 20715 359 4)
Hence f f, = f,f, .

Therefore A, is non-abelianif n>2.

1

_ a1 2 aS """" an—l an - - 1= 1
Note 1. If f, = b b, b be a permutation of degree n, then the inverse of f*i.e., f

is obtained by interchanging the two rows of f,. Thus we have

PGMM-106-MAMM-106/96



4.9 Cyclic Permutation, Transposition and Disjoint Cycles

Cyclic Permutation

A permutation is known as cyclic permutation if objects are replaced cyclically in it.

abcd

e
b ¢ d aj is cyclic. It can be represented by the cycle

For example, the permutation f; =[

(a b ¢ d e) which means that each element in the bracket is replaced by the element following it, the

last element is replaced by the first element.
Note:1. The number of objects in a cyclic is called its length.

2. A cycle does not change by changing the place of its elements provided their cyclic order is not changed.

Thuswe have (a b ¢ d)=(b c d a)=(c d a b)

(d abc).
Transposition

A cycle of length two is called a transposition.

For example, If the transposition (b c) is a permutation of degree three on three symbols a, b, ¢ then the

abec
corresponding permutation will be [a c b]'

Note: A cycle of length one represents the identity permutation.
Disjoint Cycles
Two cycles are said to be disjoint if they have no symbols in common.

Forexample, (a ¢ e) and (b f h i) aredisjoint cycles while (a ¢ d) and (b ¢ e f)arenotdisjoint.
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Note:1. Every permutation can be expressed as a product of disjoint cycles. For example, let

(abcdefghi
f, =

bcadh fig ej be a permutations of degree nine on the set

Wehave f,=(d)(f)(a b c)(e h g i).

4.10 Even and Odd Permutation

A permutation is said to be even or odd according as it can be expressed as a product of even or odd

number of transpositions.

Theorem. Of the n! permutations on nsymbols, %n! are even permutations and %n! are odd

permutations.

Proof. Out of the n! permutations on n symbols let the even permutations be e,,e,,.....e, and the odd

permutations be 0,,0,,....,0, .

Since a permutation is either an even permutations or an odd permutations but not both, therefore,

m+k =n!

If A, be the set of all permutation of degree n, then A ={e e,,...e,,0,0,,...0,}
Let t € A, and suppose t is a transposition.

Since A, is a group with respect to permutation multiplication, therefore

te,,te,,....,te,, to to,,to,,....,to, are all elements of A .
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Obviously, te,,te,,....,te,, areall odd permutations and to,,to,,....,to, are all even permutations.
Now no two of the permutations te,,te,,....,te_ are equal because

te, =te; =e, =e; (by left cancellation law in the group A,)

Therefore if ¢, = e, then te, #te,

Thus the modd permutations te,,...te, are distinct elements of A . But we have supposed that A

contains exactly k odd permutations. Therefore m cannot be greater than k . Thus
m <k (D)

Similarly, we can show that the k even permutations to,,to,,....,to, are distinct elements of A, . Therefore,

we must have k<m ....(2)

|
Form equations (1) and (2), it follows that m=k = %

Solved Examples

Example.4. Obtain the inverse of the following permutation:

. (12345
Oh=l,3154

(1234
M= 34

(1234
W L=l341 2/
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_ 12345
Sol. (i) We have f, = 2315 4

Tofind f*, we interchanging the rows, we have
1 231514
12345

Rearranging the columns, we have

1 1 23 45
312 5 4

Y We f_1234
(i) eave2—1342

Tofind f,*, we interchanging the rows, we have

ca_ (1342
=
1234

Rearranging the columns, we have

(4 (1234
J=
14 2 3

iy W f_1234
(i) eave3—3412

Tofind f,*, we interchanging the rows, we have

a1 (3412
=
1234
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Rearranging the columns, we have
L, (1 2 3 4
f," =
341 2

12 3
Example.5. Let f, =

123
5 3 J and f, =(3 1 2) be two permutations of degree three. To show that

ff,=f,f,.

Sol. It is given that
¢ 12 3 df = 1 2 3
1712 3 1) 2731 2
Then we have

1 2 31 2 3
1:11:2 =
2 3 1){3 1 2

(12 3)2 31
2 3 1)1 2 3

and
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(123
1 2 3/

Hence f f, = f,f,.

Example.6. How many times f, = (

Sol. We have f, = [

Then we have

Now we have

1234
1342

12 3 4
1342

1 2 3 41 2 3 4
13 4 2)1 3 4 2

(12 3 4)13 4 2
13 4 2)l1 4 2 3

(oo L 23 4123 4
14 2 3)4a 3 4 2

(123 4)14 23
114 2 3123 4
(12 3 4
1 2 3 4

L.
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Example.7. Prove that the set A, of three permutations (a), (a b c), (a cb) or

a brayfabcfabe th bol b, cf finite abeli ith t
abcllbcalle an on three symbols a, b, cforms a finite abelian group with respec

to the permutation multiplication.

abc abc abec )
Sol. Let f, = A b cl f, = b o a and f, = c ab are three permutations.

For preparing the composition table, the composition being denoted multiplicatively.

Product of Permutations f, f, f,
f, f, f, f,
f, f, f f,
f, f, f, f,

We have f,f, =(abc)(abc)=(acb)= f,,

Then we have
fzfzz[a b cj[a b cj
b c a/)lb c a
_(a b c\(b ¢ a
b ¢c allc a b
(a b ¢
“lc a b

and
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(a bec
la b cf
= |, = f, = identity permutation, and so on.

Here all the entries in the composition table are elements of A,. Therefore A, is closed with respect to

multiplication of permutations. Multiplication of permutations is an associative composition. Here f;is

the identity element.

Each element possesses inverse. We have f*=f, f," =1f,, f," =f,.

The composition is commutative since the corresponding rows and columns of the composition table are

identical. The number of elements in the set A, is 3. In fact A, is the set of all even permutations of degree

3. Hence A, is the finite abelian group of order 3 with respect to permutation multiplication.

4.11 Summary

Let A= {ai, a,, Agyeenennnnn , an} be a finite set having n distinct elements. A permutation is a

function which is one-one onto.
The number of elements in the finite set A is called as the degree of permutation.

Let f, and f, are two permutation of degree n. Then f, and f, are said to be equal permutations

if we have f, (a)=f,(a),vaeA
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If A={a,, a,} isafinite set having two elements, then the identity permutation is defined as

| _(ai az]
o= :
a &
Consider f, and f, are two permutation of degree n. Then the product f, and f, is denoted as

f, f,,is obtained by first carrying out the operation defined by f,and then by f,.

a a, a; a, ... a _
Let f=( 2 G " be a permutation of degree n  then

b
an ) is known as the inverse permutation of degree n such that f
n

The set A, of all permutations of n symbols is a finite group of order n! with respect to composite of

mappings as the operation. For n <2, this group is abelian and for n > 2 it is always non-abelian.
A permutation is known as cyclic permutation if objects are replaced cyclically in it.
The number of objects in a cyclic is called its length.

A cycle does not change by changing the place of its elements provided their cyclic order is not

changed.
A cycle of length two is called a transposition.
Two cycles are said to be disjoint if they have no symbols in common.

Every permutation can be expressed as a product of disjoint cycles.

Of the n! permutations on n symbols, %n! are even permutations and %n! are odd permutations.
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4.12 Terminal Questions

Q.1. Write down all the permutations on three symbols a, b, c. Which of these permutations are even?

2. Defi tati IfA—123 dB—123 find ABand BA
Q.2. Define a permutation. 231 an “l312) in an :

123 123 ,
Q3.If f, = 312 and f, = 132 , then find f,f,.

Q.4. Find the inverse of each of the following permutations:

(1234 (1234 .. (12345
Wl1s42 Wls412 123154
Q.5. Show that the set P, of all permutations on three symbols 1, 2, 3 is a finite non-abelian group of order

6 with respect to permutation multiplication as composition.

Q.6. Write down all the permutations on four symbols 1, 2, 3, 4. Which of these permutations are even?

Q.7. Show that the four permutations 1,(ab),(cd ),(ab)(cd )on four symbols a, b, c,d form a finite

abelian group with respect to the permutation multiplication.

Answer:

6. 41i.e., 24 permutations of degree 4. If P, is the set of all these permutations, then
P, ={2),(12),(13),(14),(23),(24),(34),(123),(132),(124),(142),(134),(143),(234 ), (243),}
(12)(34),(23)(14),(31)(24),(1234),(1243), (1324 ), (1342), (1423),(1432).

If A, is the set of all even permutations of degree 4, then A, will have %x4 li.e., 12 elements.
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Thus, A, ={(1),(123),(132),(124),(142),(134),(143),(234),(243),(12)(34),(23)(14),(31)(24)}
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UNIT- 5: Order of an element of a group and Isomorphism on Groups

Structure

5.1 Introduction

52  Objectives

5.3  Order of an element of a group

54  Some important theorems on Order of an element of a group
5.5  Homomorphic mapping

5.6  Isomorphic mapping

5.7 Isomorphic Groups

5.8 Summary

5.9  Terminal Questions

5.1 Introduction

The ideas of order of an element and group isomorphism are important parts of group theory, a branch
of mathematics developed in the 1800s by mathematicians like Evariste Galois and Niels Henrik Abel.
The order of an element in a group is the smallest number of times you need to combine it with itself to
get back to the group’s identity element (which acts like zero in addition or one in multiplication). This

helps us understand how elements behave and how smaller groups can form within a larger group.

A group isomorphism is a special kind of mapping between two groups that shows they are basically the
same in structure, even if they look different. Isomorphisms help mathematicians study groups in a more
general way, focusing on structure rather than appearance. These ideas are used in many areas, such as

cryptography (for secure communication), physics (to study symmetries in nature), chemistry (to
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understand molecular shapes), and computer science (in coding and data structures). Knowing about

element order and isomorphisms helps us understand how systems work and solve real-world problems.

5.2 Objectives

After studying this unit the learner will be able to understand the :

" Order of an element of a group

" Some important theorems on order of an element of a group
. Homomorphic mapping and isomorphic mapping

" Isomorphic Groups

5.3 Order of an element of a group

Let G be a group and e be the identity of a group G. An element a € G is said to be of order nif n is the

least positive integer such that a" =e.

or

If a" =e then O(a) =N, where e is the identity element of G and a is any element of G.

Note: 1. In any group the identity element e is always of order one and it is the only element of order one.

We have e' =e=>0(e)=1.
2. The symbol o(a)is used to denote the order of a.

3. In additive notation we use the words na =e in place of a" =e.

4. 1f na # e for any positive integer n then a said to be of zero order or infinite order.
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Solved Examples

Example.l. Let G = {1, , a)z} be a finite multiplicative group. Find the order of each element of

G.
Sol. Itis given that G ={1, o, coz}.
Here G is a finite multiplicative group so 1 is the identity element, i.e., o(1) =1.

We have

(0) =0’ =1 (i.e., 1 is an identity element)
Therefore o(w)=3.

Now we have

(o )3 =0’ =0’ =1.1=1 (i.e., 1 is an identity element)

Therefore o(a)z) =3.

Hence the order of the elements 1, o, @” are 1, 3 and 3.

1234]

Example.2. Find the order of the permutation A= (2 31 4
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1 2 3 4
2 31 4)

Sol. It is given that Az(

We have

A2 =

Il
w N
= W
A~ b

(12 4\(3 4
131 4)\1 4
(1234
112 3 4

Hence o(A)=3.

Example.3. Let G = {1, -1 1, —i} be a finite multiplicative group. Find the order of each element

of G.

Sol. Itis given that G ={1, -1, i, —i}.
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Here G is a finite multiplicative group so 1 is the identity element, i.e., o(1) =1.

We have

(-1)° =1, (i.e., 1 is an identity element)
Therefore o(-1)=2.

Now we have

(i) =i%i? =(-1).(-1) =1. (i.e., 1 is an identity element)
Therefore o(i)=4.

Again we have

(i) =12 (i) = (~0)-(-) =i
(_i)4 =i%i* =(-1).(-1)=1. (i.e., 1is an identity element)

Therefore o(-i)=4.
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Hence the order of the elements 1, -1, i, —i are 1, 2, 4 and 4.

Example.4. Let G ={a, a’, a% a*, a°, a° =e} be a finite multiplicative group. Find the order of

each element of G.

Sol. It is given that G :{a, a’, a’ a‘, a°, a° :e}.

Here G is a finite multiplicative group and it is given that a® =e is the identity element of G, i.e.,

o(a®)=1.

We have

Hence the order of elements a, a®, a®, a*, a°, a®are6, 3,2, 3, 6, 1.

Example.5. Let G ={O, 1 2,3 4, 5} be a finite group with addition modulo 6. Find the order of

each element of G.

Sol. Itis given that G={0, 1, 2,3, 4, 5}.

Here G is a finite group with addition modulo 6 and 0O is the identity element of G, i.e., 0(0) =1.
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We have

12 =1+,1=2,

1P =1+,1+,1=1+,2=3,

1" =1+,1+,1+,1=1+,3=4,

P =1+1+41+,1+,1=1+,4=5,

1° =1+41+41+,1+1+,1=1+,5=0 (i.e., 0 is an identity element)

Therefore o(1)=6.

Now we have
2t =2,
22 =2+,2=4,
2°=2+,2"=2+,4=0 (i.e., 0 is an identity element)

Therefore o(2)=3.
Now we have

3 =3

3 =3+,3=0, (i.e., 0 is an identity element)
Therefore o(3)=2.

Now we have

4 =4,
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A =44 4=2,

A =4+,4 =4+,2=0, (i.e., 0 is an identity element)
Therefore o(4)=3.
Now we have

5' =5,

5 =5+,5=4,

5°=5+,5°=5+,4=3,

5*=5+,5=5+,3=2,

5° =5+,5"=5+,2=1,

5°=5+,5"=5+,1=0, (i.e., O'is an identity element)
Hence the order of elements 0, 1, 2, 3, 4, 5are6, 3, 2, 3, 6.

Example.6. To show that in the infinite multiplicative group of non-zero rational numbers, the order

of every element except the elements 1 and -1 is infinite.

Sol. It is given that in the infinite multiplicative group of non-zero rational numbers, the order of every

element except the elements 1 and -1 is infinite.

We have

(1)1 =1, (i.e., 1 is an identity element)

Therefore 0(1)=1.

Now we have
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(—1)2 =1. (i.e., 1 is an identity element)
Therefore o(-1)=2.
Now 2' =2, 22 =4, 2° =8, 2* =16, 2° =32,......and 50 on.

Thus there exists no positive integer n such that2" =1 (i.e., identity element ). Therefore o(2)is infinite.

Check your Progress

Q.1. What do you mean by order of an element of a group?

Q.2. To show that in the additive group of integers the order of every element except 0 is infinite, where

0 is the identity element.

Q.3.Let G={1 2,3, 4, 5, 6} be afinite group with addition modulo 7. Find the order of each element

of G.

Q4. Let G= {1, 57, 11} be a finite group with multiplication modulo 12. Find the order of each element

of G.

Q.5. Find the order of each element of the group G = {0, 1 2, 3}, +,.

5.4 Some important theorems on order of an element of a group

Theorem.1. The order of every element of a finite group is finite and is less than or equal to the
order of the group.
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Proof. Consider G is a finite multiplicative group and a € G. Let us consider all the positive integral
powers of a i.e., a, a*, a%, a*,..... all these are elements of G, by closure property. Since G has a finite

number of elements, therefore all the integral powers of acannot be distinct elements of G. Let us

consider that a" =a’(r > s).

Now we have
a'=a’
= a=aa’ [ra*eG]
= a=a’
= a’=e
= a" =e where m=r-s.

Since r > s,therefore m is a positive integers. Thus the set of all those positive integers m such that

a" =e has a least members, say n. Thus there exists a least positive integer nsuch that a" =e. Therefore

o(a)is finite.
Now to prove that o(a)<o(G).

Let o(a)=n where n>o(G). Since aeG, therefore using the closure property

a,a,a’,a’, ... ,a" are elements of G.No two of these are equal.

If possible, suppose a" =a®,1<s<r<n. Then we have a"° =e.Since 0<r—s<n,therefore a"* =e

implies that the order of a is less than n. This is a contradiction.

Thus a, a%, a%, a’, ........ ,a" are n distinct elements of G. Since n > o(G), therefore this is not possible.
Hence we must have o(a)<o(G).

Theorem 2. The order of an element aof a group is the same as that of its inverse a™.
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Proof. Consider n and m are the orders of aand a*respectively of a group.

We have o(a)=n = a" =e(identity element)

= m<n
Also we have
o(a‘l) -m

=g ['.'b_lze:bZEJ

Now we have m<nand n<m

= m=n

If the order of a is infinite, then the order of a™*cannot be finite. Because we have
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= o(a)isfinite.
Therefore if the order of a is infinite, then the order of a™ must also be infinite.
Hence, in all cases, o(a) = o(a‘l).

Theorem.3. If the element a of a group G is of order n, then a" =e if and only if n is a divisor of

m.

Proof. Suppose n is a divisor of m. Then there exists an integers qsuch that nq = m.

Now we have
am™ — g™
=(a")’
_y ['.-o(a):n:a”:e]
—e.

Conversely, suppose a™ =e.

Since m is an integer and n is a positive integer, then by using division algorithm, there exist integers q

and rsuch that m=ng+r, where 0<r<n.
Now we have

a™ = gt
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Since 0<r <n, therefore a" =e this implies r must be equal to zero because otherwise o(a)will not be

equal to n.
If o(a) = n, then there will exist no positive integer r <nsuch that a’ =e.

Now we see that

r=0
= m=n(
= nis a divisor of m.

Theorem.4. The order of the elements a and X ‘ax are the same where a, X are any two elements

of a group.
Proof. Let n and m be the orders of a and X ‘ax respectively of a group G.

Now we have
(xfax)" =(x“ax)(x “ax)
— xa () ax
= X ‘aax
= Xx'a’x
In general, we get
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= x lex [o(a)=n=a"=e]|

Therefore we have
-1
o(x ax)sn:>msn.

Again we have

o(x*ax)=m
=N (x"ax)" =e
= x'a"x=¢e
= x'a"x = x'x
= a"x=x (using left cancellation law)
= a"x=ex
= a"=e (using right cancellation law)

Finally, we get

m<n,nNsm = m=n.

Hence the order of the elements a and X ‘ax are the same where &, X are any two elements of a group.

Theorem.5. The order of any integral power of an element a cannot exceed the order of a.
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Proof. Consider a* is any integral power of a.

Suppose o(a)=n.

Now we have
o(a)=n
= a"=e (i.e., identity element)

Hence the order of any integral power of an element a cannot exceed the order of a.

Theorem 6. If a is an element of order n and p is prime to n, then a® is also of order n.

Proof. Consider thatm is the order of a’.

Now we have
o(a)=n
= a"=e
= (a”)pze”—e
= (ap)n —e
= o(a”)<n
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= m<n.

Since p, N are relative primes, there exist integers x and Yy such that px+ny =1.

Now we have

— apX+ny

=aa"
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Finally we have shown that m<nand n<m=m=n.

Solved Examples

Example.7. Consider that axa =bin a group G, find the value of x.
Sol. It is given that G isa group and axa=Db.

Now we have axa=Db

= a*(axa)=a"'b

= (ata)(xa)=a"b

= e(xa)=a"b
= xa=a'b

= (xa)a™=a"ha™
= x(aa™)=a"ba™
= xe=a'ba™
= x=a"'ba™.

Example.8. Prove that if for every element a in a group G, a® =e, then G is an abelian group.

Sol. Consider a and b are any two elements of the group G. Then ab is also an element of G.

So we have

(ab)2 —=e.
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Now we have

(ab)2 =e

= (ab)(ab)=e
= (ab)_1 =ab
= b*a*=ab .. (1)
But we have

a’=e
= aa=e
= a‘t=a

Similarly, we have
b’ =e

=3 bt=b

Therefore form equation (1), we get
ba = ab.

Thus we have ab=ba -~ a,beG.

Hence G is an abelian group.
Example.9. Show that if every element of a group G is its own inverse, then G is abelian.

Sol. Consider a and b are any two elements of a group G. Then ab is also an element of G.So, we have

(ab)_l =ab asitis given that every element is its own inverse.
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Now we have

(ab)_1 =ab
= b'at=ab
= ba = ab [ al=a, btl= b]

Thus we have ab =ba - a,b € G. Hence G is an abelian group.

Example.10. Show that if @,b are any two elements of a group G, then (ab)” = a®b? if and only

if Gis abelian.
Sol. Suppose G is an abelian group.

Then we have
(ab)’ = (ab)(ab)
=a(ba)b
=a(ab)b [+ G is abelian = ab =bal]
= (aa)(bb)
= a’b’.
Conversely, consider a, b are any two elements of a group G.

Then we have
(ab)2 = a’h?

= (ab)(ab)=(aa)(bb)
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= a(ba)b=a(ab)b
= (ba)b=(ab)b [using left cancellation law]
= ba =ab [using right cancellation law]

Hence G is an abelian group.

Example.11. Prove that a group G is abelian if b"a'ba=e ~a,beG.
Sol. We have b'a'ba=e

- (b™a*)(ba)=e

=N (ba™ )71 =ba [-ba=e = a'=b]
= (a‘l)_l(b‘l)_1 —ba [ (ab) " = ‘1a‘1]
— ab =ba [ (a‘l)_l = a}

Hence G is an abelian group.

5.5 Homomorphism mapping

Suppose G and G' are any two multiplicative groups. A mapping f of Ginto G'is said to be a

homomorphism mapping (or a homomorphism) of G into G' if and only if

f(ab)=f(a)f(b) ~a beG.

If f is a homomorphism mapping of a group G onto the group G' so that f (G)=G", then the group G'

is called a homomaorphic image of the group G.
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5.6 Isomorphic mapping

Suppose G and G' are any two multiplicative groups. A mapping f of G into G' is said to be an

isomorphic mapping (or an isomorphism) of G into G' if
(i) f is one —to-one.

(ii) f(ab)="f(a)f(b)»abeG.

5.7 Isomorphic Groups

Suppose G and G' are any two multiplicative groups. Then we say that the group G is isomorphic to the

group G' if the mapping f preserves the compositionsin Gand G'.

If the group G is isomorphic to the group G', i.e., we write in notation form G=G".

Check your Progress

Q.1. Define the homorphism mapping.
Q.2. What is isomorphic mapping.

Q.3. Explain the concept of isomorphic groups.

Solved Examples

Example.12. Show that the multiplicative group G={1, -1 i, —i}is isomorphic to group

G’'={0, 1, 2, 3} under addition modulo 4.

Sol. It is given that G ={1, -1, i, —i} is a multiplicative group and G’'={0, 1, 2, 3} is a group under

addition modulo 4.
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Here the identity element of G is 1 and G' is 0. Let f :G — G’ then we take f (1)=0.

To find the f- images of other elements in isomorphism first we determine the order of elements in G and
G'.

The order of elements of G are o(-1)=2, o(i)=4, o(-i)=4.

The order of elements of G are 0(1)=4, 0(2)=2, o(3)=4.

Here we see that the o(-1)=2and 0(2)=2 so we have f (-1)=2.

Similarly we take f(i)=1 and f (—i)=3.

Hence it is clear that f is one-one and onto.

Composition table for G
0 1 -1 i -1
1 1 -1 i -1
-1 -1 1 -1 i
i i -1 -1 1
-l -1 I 1 -1

Composition table for G'
+4 0 2 1 3
0 0 2 1 3
2 2 0 3 1
1 1 3 2 0
3 3 1 0 2

Thus from the above composition table if we replace each element of G by its image we get table for G'

.Hence f(axb)=f(a)*f(b). Thus G =G

Example.13. If R is the additive group of real numbers and R, the multiplicative group of positive
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real numbers, prove that the mapping f :R — R, defined by f(x)zeXAvLXGR is an

isomorphism of R onto R, .

Sol. It is given that R is an additive group of real numbers and R, the multiplicative group of positive real
numbers. Also given that the mapping f :R — R, defined by f(Xx)=€*~xeR.If x is any real

number, positive, zero or negative, then e* is always real number. Also e* is unique. Therefore if

f(x)=e*,then f:R>R, .
(i) f is one-one: Consider x;, X, € R.

Then we have

F(x)=1(x)
— et =g [ By the definition of f,  (x)=¢" ]
= loge™ =loge™
= X, loge=x, loge
= X, = X,.

Therefore here we see that the two elements in R have the same f -image in R, only if they are equal.

Consequently distinct elements in R have distinct f -imagesin R, .
Hence f is one-one.

(i) f is onto: Suppose that Y is any element of R_ i.e., Yy is any positive real number. Then log vy is a real

number i.e., logy e R.

Now we have f(logy)=e"? =y.Thus yeR, this implies that there exist logyeR such that

f (logy) =y . Therefore each element of R isthe f -image of some element of R.

Hence f is onto.

PGMM-106-MAMM-106/130



(iii) f preserves group compositions: Consider x, and X, are any two elements of R. Then we have
f(x +x)=e"" [by definition of f ]
=ele”
=1 (%) (%) [+ f(%)=e" and f (x,)=e* |

Thus f preserves compositions in R and R, . Here the composition in R is addition and the composition

in R, is multiplication. Therefore f isan isomorphism of Ronto R,ie., R=R, .

Example.14. Let R, be the multiplicative group of all positive real numbers and R be the additive
group of all real numbers. Show that the mapping g:R, — R defined by g(x)=logx+ xR, is an

isomorphism.

Sol. It is given that R, be the multiplicative group of all positive real numbers and R be the additive group

of all real numbers. Also given that the mapping g : R, — R defined by g(x)=logx-~xeR,.

If xis any positive real number, then log x is definitely a real number. Also log x is unique. Therefore if

g(x)=logxthen g:R, =R,
(1) 9 is one-one: Consider x,X, € R, .

Then we have g(x,)=g(x,)

= log x, =log X,
. eIogxl — eIogx2
= X =X,.

Therefore g is one-to-one.

(i) gisonto. Suppose that y is any element of R i.e., y is any real number. Then e’ is definitely a positive
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real number ie.,e’ eR..
Now we have g (ey) =loge’ =y.Thus y eR this implies that there exist e’ € R, such that ¢ (ey) = V.

Therefore each element of R is the g- image of some element of R, . Thus g is onto.

(i) g preserves group compositions. Consider x,and X, are any two elements of R,.Then we have

g (%) =log(xx,) [by definition of g]
=log x, +log x,
=g(x)+9(x) [by definition of g]

Thus g preserves compositions in R+ and R. Here the composition in R, is multiplication and the

composition in R is addition. Therefore g is an isomorphism of R+ onto R i.e., R, = R.

Example.15. Show that the additive group of integers G={....... ,—3,-2,-1,0,1,2,3,....} Is
isomorphic to the additive group G'={......, —-3m, —2m, —1m, 0, Im, 2m, 3m,......}, where m is any

fixed integer and not equal to zero.

Sol. It is given that additive group of integers G ={......., -3,-2,-1,0,1 2, 3,...... } and additive group

G'={.... ,—3m, —2m, —1m, 0, Im, 2m, 3m,......} .

If xeG,then obviously mxeG'.Let f:G — G'be defined by f (x)=mx-xeG.
(i) f is one-one: Consider x;,x, €G.

Then we have f (x,) = f (x,)

= mx, = mx, [by definition of T ]

— X, = X,. [-m=0]

Therefore f is one-to-one.

PGMM-106-MAMM-106/132



(i) fis onto: Suppose that y is any element of G'. Then obviously y/meG. Also

f(y/m)=m(y/m)=y. Thus yeG" this implies that there exists y/meGsuch that f(y/m)=y.

Therefore each element of G’ is the f —image of some element of G.

Hence f is onto.

(iii) f preserves group compositions: Consider x, and x, are any two elements of G. Then we have

f (X +%)=m(x+X,) [by definition of f ]
= MX, + MX, [by distributive law for integers]
=f(x)+ f(x,)- [by definition of f ]

Thus f preserves compositions in G and G’. Therefore f is an isomorphic mapping of G onto G’ i.e.,

G=G.

5.8 Summary

Let G be a group and e be the identity of a group G. An element a € G is said to be of order nif n is the

least positive integer such that a" =e.
The symbol o(a) denotes the order of a. In additive notation we use the words na =e in place of a" =e.

If Na # € for any positive integer n then a said to be of zero order or infinite order.

The order of every element of a finite group is finite and is less than or equal to the order of the group.
The order of an element a of a group is the same as that of its inverse a™. If the element a of a group G

is of order n,then a™ =e if and only if n is a divisor of m.

Suppose G and G' are any two multiplicative groups. A mapping f of Ginto G'is said to be a

homomorphism mapping (or a homomorphism) of G into G' if and only if
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f(ab)=f(a)f(b) -~a, beG. If fisahomomorphic mapping of a group G onto the group G'

so that f (G)=G" then the group G'is called a homomorphic image of the group G.

Suppose G and G' are any two multiplicative groups. A mapping f of G into G' is said to be an

isomorphic mapping (or an isomorphism) of G into G' if
(i) f one —to-one. (i) f (ab)=f(a)f(b)~a,beG.

Suppose G and G' are any two multiplicative groups. Then we say that the group G is isomorphic to the

group G' if there mapping f preserves the compositions in G and G'. If the group G is isomorphic to

the group G', i.e., we write in notation form G=G".

5.9 Terminal Questions

Q.1. Define the order of an element of a group.
Q.2. To show that the order of any power of an element a of a group G is a multiple of the order of a.
Q.3. Define the order of an element in (i) an additive group, (ii) a multiplicative group.

Q.4. Discuss between the order of a group and the order of an element in a group. Prove that if
a,Xx €G,then aand xax ‘have the same order in G.
Q.5. Prove that if a* =a,a <G, then a=e.

Q.6. Prove that a group G is abelian if every element of G except the identity element is of order two.

Q.7. Find the order of each element of the group ({0,1,2,3,4},+,).

8. Find the order of th tati Lz
Q.8. Find the order of the permutation 13 4 2)

Q.9. If the elements a,b and ab of a group are each of order 2, prove that ab =ba.

Q.10. If ais an element of a group, prove that the integral powers of a form a multiplicative group.
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Q.11. Prove that a group G is abelian iff (ab)_1 —a'b'wabeG.
Q.12. If inthe group G, a®* =e,aba™ =b™ for a,b e G then find o(b).

Q.13. What do you mean by homomorphic and isomorphic mapping?

Q.14. Define the isomorphic groups.

Q.15. Show that the group [ {0, 1, 2, 3}, +, | is isomorphic to the group [ {1, 2, 3, 4}, %, |.

Q.16. Show that the multiplicative group {1, -1, i, —i} is isomorphic to the group of residue classes
modulo 4 under addition of residue classes.

Q.17. Show that the set C of all complex numbers under addition is a group which is isomorphic to itself
under the identity mapping as well as under the mapping which takes every complex number into its

conjugate complex.

Q.18. Show that the multiplicative group {1, o, wz} is isomorphic to the group of residue classes modulo

3 under addition of residue classes.
Answer

7. 0(0) =1and each other element is of order 5.

8. 3.

12. If b=e,then o(b)=1and if b=e,then o(b)=231.
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UNIT- 6: Subgroup and Cosets

Structure

6.1 Introduction

6.2 Objectives

6.3  Subgroup and Complexes
6.4  Algebra of Complexes of a group
6.5 Intersections of Subgroups
6.6 Cosets

6.7 Lagrange’s theorem

6.8 Cayley’s Theorem

6.9 Fermat’s theorem

6.10  Euler’s theorem

6.11 Summary

6.12 Terminal Questions

6.1 Introduction

Subgroups and cosets are fundamental concepts in group theory, a key area of abstract algebra. A subgroup
is a subset of a group that itself satisfies the group properties under the same operation. Galois notably

used group structures to explore the solvability of polynomial equations, laying the foundation for modern
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algebra. cosets, which divide a group into distinct, equal-sized parts relative to a subgroup, were
introduced to deepen the understanding of group structure. They are instrumental in proving crucial
theorems, such as Lagrange’s Theorem, which states that the order of a subgroup divides the order of the
entire group.

Moreover, cosets play a key role in forming quotient groups, allowing for a more detailed classification
of groups. Subgroups and cosets are widely used in both pure and applied mathematics, including fields
like number theory, geometry, and topology. Beyond mathematics, they have significant roles in physics,
cryptography, coding theory, and chemistry, particularly in understanding molecular structures. In
computer science, subgroup structures are vital in algorithm design for computational group theory and in
developing secure communication systems. Their power to simplify and interpret complex group

behaviors makes them invaluable across various scientific and mathematical disciplines.

6.2 Objectives

After studying this unit the learner will be able to understand the :

" Complexes and Subgroups of a group
" Algebra of complexes of a group, and Intersection of subroups and Cosets
. Lagrange’s theorem, Cayley’s theorem, Fermat’s theorem, and Euler’s theorem

6.3 Subgroup and Complexes

Subgroup

Let G be a group and H is a non-empty subset of G. Then H is said to be a subgroup of G if H itself a

group under the same operations as in G.
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Complexes

Let G be a group. Then any non-empty subset H of G is known as complex of G.

Note: 1. Every subgroup of G is a complex of G but every complex is not always a subgroup.
2. We know that every set is a subset of itself.

3. If G is a group, then G itself is a subgroup of G. Also if e is the identity of G, then the subset of G
containing only one element i.e., e s also a subgroup of G. These two subgroups (itself G and e ) of G
are known as trivial or improper subgroups and if others subgroups of G are available then they are known

as proper subgroups of G.
4. The identity of a subgroup is the same as that of the group.

5. The inverse of any element of a subgroup is the same as the inverse of the same regarded as an element

of the group.
6. The multiplicative group {1, —1} is a subgroup of the multiplicative group {1, —1,i, —i}.

7. The group of integers with respect to addition is a subgroup of the group of all rational numbers with

respect to addition.

8. The group of even integers with respect to addition is a subgroup of the group of all integers with respect

to addition.

9. The multiplicative group of positive rational number is a subgroup of the multiplicative group of all

non-zero rational numbers.

10. The order of any element of a subgroup is the same as the order of that element regarded as a member

of the group.

6.4 Algebra of Complexes of a group

Let G be a group and H and K are any two complexes of group G, then
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HK ={xeG|x=hk,heH keK}.

Clearly, HK < G. Therefore HK is a complex of G consisting of the elements of G achieved on

multiplying each member of H with each member of K.

Note: 1.Let G beagroupand H, K, L are any three complexes of G, then (HK)L =H (KL).

2. Let H be any complex of G. Then we define H ™" = {h’1 ‘he H} i.e., H™ is the complex of G

consisting of the inverse of the elements of H.

Theorem 1. If H and K are any two complexes of group G, then (HK)_1 =K*H™,
. -1
Proof. Let x be any arbitrary element of (HK) . Then we have

x=(hk)", heH keK

—kh?eK?H™ [kt eK™h"eH™]
(HK) c K*H™,
Again let y be any arbitrary element of K™H ™.

Then we have

y=k*h™, keK,heH
=(hk)" e (HK)™ [ hk € HK]

-1

Therefore we have K™H™ < (HK)
Hence (HK) =K*H™

Theorem 2. If H is any subgroup of G, then H™ = H . Also show that the converse is not true.
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Proof. Let h™ be any arbitrary element of H™. Then he H . Now H is a subgroup of G . Therefore

heH=h"eH . Thush'eH'=h"eH . Therefore we have H* cH.

Again we have

heH = h'eH [+ H is itself a group]
= () eH? | by definition of H* |
= heH™.
Therefore we have HcH™.

Hence H*=H.

If His a complex of a group G and H ™" =H, then it is not necessary that H is a subgroup of G. For
example, H ={-1} is a subgroup of the multiplicative group G = {—1,1} . Also H™*={-1} since -1
is the inverse of -1 in G . But H ={-1} is not a subgroup of G. We have (—1)(—-1)=1¢ H . Thus H is

not closed with respect to multiplication.

Theorem 3. If H is any subgroup of a group G, then HH =H .

Proof. Let h, h, be any element of HH where h, e H,h, e H .

Since H is a subgroup of G, therefore, hh, e H =hh, e H .

Therefore we have HH < H .

Now let h be any element of H . Then we can write h = he where e is the identity of G .
Now we have he € HH, since he H,ee H . Thus H c HH .

Hence H=HH .

Theorem.4. A non-empty subset H of a group G is asubgroup of G if and only if
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() aeH,beH =abeH; (i) acH =a " eH where a™ isthe inverse of a in G .

Proof. Necessary Conditions: Let H be a subgroup of G. Then H itself a group under the same

operation as in G. Thus H must be closed with respect to multiplication i.e., the composition in G.

Thereforewe have ac H,be H = abeH .
Let acH = a*eH (since H itself is a group).

Thereforewe haveaec H = a* e H , where a isthe inverse of a in G .
Sufficient Conditions:

Closure Property: It is given that a € H,b e H = ab € H | therefore H is closed with respect to

multiplication.

Associativity. The elements of H are also the elements of G . Since G is Associative. Therefore H is

also associative under the same operation as in G.

Identity Property: We know that the identity of the subgroup is the same as the identity of the group.

Now we have
aecH=a'eH. [From the given condition (ii)]
Further acH,a'eH =aa'eH [From the given condition (i)]

Therefore we have e e H.

Hence the identity e is an element of H .

Inverse Property: Since ae H = a™ eH, therefore each element of H possesses inverse. Hence H

itself is a group under the same operation as in G. Therefore H is a subgroup of G .

Theorem.5. A necessary and sufficient condition for a non-empty subset H of a group G to be a

subgroup isthat a€ H,b e H = ab™  H, where b™ is the inverse of b in G .

PGMM-106-MAMM-106/141



Proof. Necessary Condition: Let H be asubgroup of G . Then H itself a group under the same operation

asin G.
Let a€ H,b e H . Now each element of H must possess inverse because H itself is a group.
Therefore we have beH =b™" eH .

Additionally, H must be closed with respect to multiplication i.e., the composition as in G . Therefore

wehave aeH,b*eH =ab?*eH .
Sufficient Condition:
Itis giventhat acH,beH =ab*eH .

We are to prove that H is a sub-group of G.

Identity Property: We have
aeH,aecH =aa'eH [using the given condition]
= ecH.

Hence the identity e is an element of H .

Inverse Property: Let a be any element of H. Using the given condition, we have
eeH,aecH=ea'eH=a'eH.
Hence the each element of H possesses inverse.

Closure Property. Let a,beH . Then as shown above be H =b™ e H . Therefore using the given

condition, we have
-1
acH,b'eH :>a(b*1) eH=abeH.
Hence H is closed with respect to the composition asin G .
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Associativity. The elements of H are also the elements of G . Since G is Associative. Therefore H is

also associative under the same operation as in G.
Hence H itself is a group for the composition in G . Therefore H is a subgroup of G .

Theorem.6. If H, K are two subgroups of a group G, then HK is a subgroup of G,iff HK =KH .

Proof. Let H and K be any two subgroups of a group G . Let HK = KH . In order to prove that HK is a

subgroup of G it is sufficient to prove that(HK )(HK) " = HK |

We have

(HK)(HK) ™ =(HK)(K*H™)

=H(KK*)H™ ( Due to associativity )
—(HK)H™ |+ K is asubgroup = KK * =K |
— (KH)H™ [+ HK = KH]
=K (HH’l) ( Due to associativity )
- KH [+ H isasubgroup=>HH " =H |
—HK . [+ HK = KH

Therefore HK = KH this implies HK is a subgroup of G .

Conversely, consider that HK is a subgroup.

Then we have

(HK) " = HK
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= K*H™ = HK
= KH = HK [ K is a subgroup = K™ =K and similarly H * = H}

Hence HK =KH .

Note: 1. If H, Kare subgroups of an abelian group G,then HK is a subgroup of G .

6.5 Intersection of Subgroups

Theorem.7. If H, and H, are two subgroups of a group G,then H, "H, is also a subgroup of G

Proof. Suppose H, and H, are any two subgroups of G.Then H, m H, =¥, since at least the identity

element e is common to both H,and H,.

To prove that H, M H, is a subgroup, first we have to prove that
aeH,nH,,beH,"H,=ab*eH, nH,.

Now we have

aeH NH,=aeH,
and aeH,beH "nH,=beH, and beH,.
But H,, H,are subgroups of G. Therefore we have
aeH,beH, =ab*eH,,
aeH,beH,=ab"eH,.
Finally, we have ab*eH,ab*eH,=ab'eH, nH,.
Therefore we have shown that aeH,NH,,beH,N"H,=ab"eH, NH,.
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Hence H, " H, is a subgroup of G.

Note: 1. Arbitrary intersection of subgroups i.e., the intersection of any family of subgroups of a group is

a subgroup.
2. The union of two subgroups is not necessarily a subgroup.
For example, let G be an additive group of integers.

Then we have

Ho={... ,—6,-4,-2,0,2,4,6,.....}
and H,={....,—12,-9,-6,-3,0,3,6,9,12,.......} are both subgroups of G .
Now we have H, UH, ={....... ,—4,-3,-2,0,2,3,4,6,.......} .

Clearly, H; UH,is not closed with respect to additionas 2e H, WH,,3e H, WH, but 2+3 i.e,

5¢ H, UH,. Therefore H, UH, is not a subgroup of G .

However, H,nH, ={....... ,—18,-12,-6,0,6,12,18,.......} isasubgroup of G .

Solved Examples

Example.1. Let G be the additive group of integers. Then prove that the set of all multiples of

integers by a fixed integer mis a subgroup of G.

Sol. It is given that Ghbe the additive group of integers. So we have

G= { ........ ,—3,—-2,-1,0,1,2,3,......... } is the additive group of integers.
Let m be any fixed integer. Let H ={..., -3m,—2m,—m,0,m,2m,3m,....} . Then we have H = G.

To prove that H is a subgroup of G . Let a=rm and b =sm be any two elements of H , where r and s

are some integers. The inverse of sm in Gis (-s)mi.e., -b=(-s)m.
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Now we have a—b=rm+(—-s)m=(r—s)me H since r —sis also some integer.

Therefore we have ac H,beH =>a-beH.

Hence H is a subgroup of G.

6.6 Cosets

Here we introduce the important concept of right cosets and left cosets of a subgroup. Cosets are specific

kind of subsets associated with a subgroup.

Let Ghe a group and H is any subgroup of G. Let abe any element of G. Then the set
Ha ={ha:eH} is known as a right coset of H in G generated by a. Similarly the set

aH ={ah:h e H} isknown as the left coset of H in G generated by a .

Clearly, Ha and aH are both subsets of G .

If eis the identity element of G, then we have He=H =eH . Therefore H itself is a right as well as a

left coset.

Note : 1. In the composition in the group G has been denoted additively, then the right coset of H in G
generated by a is defined as H +a={h+a:heH}. Similarly the left coset a+ H ={a+h:he H}.

Example.2. Let G be the additive group of integers i.e., G ={........ ,—3,-2,-1,0,1,2,3,......... }. Let

H be the subgroup of G obtained on multiplying each element of Gby 3. Then we have
H={ ......... ,—9,—-6,-3,0,3,6,9,........ }

Since the group G is abelian, any right coset will be equal to the corresponding left coset. Let us form the

right cosets of Hin G.

We have 0eGand H =H +0={...,9,-6,-3,0,3,6,9,....} .

Again we have 1eGand H +1={...,-8,-5,-2,1,4,7,10,...} .
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Then we have 2eGand H +2={....,—7—4,—1,2,5,8,11,...}.

Here we see that the right cosets H, H +1 and H + 2 are all distinct and moreover these are disjoint i.e.,

have no element common.

Now we have 3eGand H +3={...,—6,-3,0,3,6,9,12,....} .
Here we see that H +3=H . Also we observe that 3e H .

Again we have 4eGand H+4=1{...,-5,-2,1,4,7,10,13,....} .
Here we see that H +4=H +1. Also we observe that 4 H +1.

Similarly the right coset H +5 coincides with H +2, H +6 with H, H +(-1) with H +2, H +(-2) with

H +1 and so on.

Hence we get only three distinct right cosets i.e., H, H+1, H +2.
Clearly, G=HU(H+1)U(H +2).
Theorem.8. If H is any subgroup of G and he H,then Hh=H =hH .

Proof. Consider he H . Then to prove that Hh = H . Suppose h'is any arbitrary element of H. Then

h'his an arbitrary element of Hh.
Since H is a subgroup, we have h'e H.he H =h'heH .

Therefore every element of Hh is also an element of H. Hence Hhc H .

Again we have
h'=h'(hh) [h*h=e]

=(h'h™*)h
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c Hh [cheH:3h4eHamnreHm4eH:jhh4eH]

Therefore every element h'of H is also an element of Hh. Hence H < Hh.

Finally, we get Hhc Hand H c Hh= Hh=H..

Similarly we can prove that hH =H .

Theorem.9. If a, b are any two elements of group G and H any subgroup of G, then

Ha=Hb«<ab*eHand aH =bH <a'beH .

Proof. Since ais an element of Ha, therefore

Ha =Hb
Now we have

aeHb
= ab™ e(Hb)b™

p—

ab™ e H (bb?)
ab™ eHe

abteH

Conversely, we have

ab™ eH
Hab™ =H [-heH =Hh=H]
Hab™b=Hb

Hae = Hb
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= Ha=Hb.

Similarly we can prove that aH =bH < abe H .

Theorem.10. If a,b are any two elements of a group G and H any subgroup of G,then

aeHb<«< Ha=HDb and aebH < aH =bH .
Proof. We have

aeHb

= ab™ e Hob™

= ab™* e He
= ab*eH
= Hab™*=H

= Hab™b = Hb

= Hae = Hb

= Ha=Hb.

Conversely, Consider Ha=Hb.

Since a € Ha, therefore we have a < Hb.

Theorem.11. Any two right (left) cosets of a subgroup are either disjoint or identical.
Proof. Suppose H is a subgroup of a group G and let Ha and Hb be two right cosets of H in G .

Suppose Ha and Hb are not disjoint. Then there exists at least one element, say ¢, such that ¢ € Ha and

ceHb.Let c=ha and c=h,b, where h,h,eH.

Then we have
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ha = h,b

or h *ha=h'hb
or ea= (hl_lh2 ) b
or a=(hh,)b.

Since H is a subgroup, therefore we have
h*h, e H .
Consider h,*h, =h,.

Then we have a =h,b.

Now we have
Ha = Hh,b
=(Hh,)b
— Hb [-h,e H= Hh, =H]

Therefore the two right cosets are identical if they are not disjoint.

Thus either HaMHb =& or Ha = Hb.

Similarly, we can prove that either aH N"bH =& or aH =bH .

6.7 Lagrange’s Theorem

Theorem.12. The order of each subgroup of a finite group is a divisor of the order of the group.
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Proof. Let G be a group of a finite order n. Let H be a subgroup of G and let o(H): m. Suppose

h,h,,....,h, arethe m members of H .

Let aeG.Then Ha is a right coset of H in G and we have Ha ={ha, h,a,.....,h a}. Ha has m

distinct members, since ha=h;a—=h, =h;.

Therefore each right coset of H in G has m distinct members. Any two distinct right cosets of H in G
are disjoint i.e., they have no element in common. Since G is a finite group, the number of distinct right

cosets of H in G will be finite, say, equal to k. The union of these k distinct right cosets of H inG is

equal to G . Thus if Ha,, Ha,, ....., Ha, are the k distinct right cosets of H in G, then
G=Ha UHa,U....UHa,
This implies the number of element in G = the number of elements in Ha,

+ the number of elements in Ha, +....+the number of elements in Ha,

[ Two distinct right cosets are mutually disjoint]

Therefore we have

0(G)=km
= n=km
= k:ﬂ
m
= m is a divisor of n

= o(H)is a divisor of 0(G).
Hence the order of each subgroup of a finite group is a divisor of the order of the group.
Theorem.13. The order of every element of a finite group is a divisor of the order of the group.
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Proof. Suppose G is a finite group of order n.let ae G and let o(a) =m. To prove that m is a divisor of

n.

Let H = { a®,a?ata’ala’a’ } be the subset of G consisting of all integral powers of a .

Then we know that H is a subgroup of G . We shall show that H contains only m distinct elements and

m 0

that they are @,a%,a°,....,.a" =e=2a°.
Letl<r<m,1<s<mandr>s.

Then we have a" =a®

= a'a®=a’a"’
= ar—s — ao
= at=e

Thus there exists a positive integer r —s less than m such that 2" ° =€ . But m is the least positive integer
such that a" =e. Therefore a" #a°. Therefore a,a®,a’,....,a™ =a° =e are all distinct elements of

H.

Now suppose m is any element of H, where t is any integer. Using the division algorithm, we have
t =mp +qgwhere pand qare some integersand 0<qg<m.

Now we have

al = g+
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=ea“
=al.

m

Since 0<q<m, therefore a’is one of the melements a,a?,....,am™ =a°.
Hence H has only m distinct elements.

The order of H is m. By Lagrange’s theorem m is a divisor of n.

Theorem.14. If G is a finite group of order n and a<G,then a" =e.

Proof. In a finite group, the order of each element is finite. Suppose o(a)= m. The subset Hof G

consisting of all integral powers of a is a subgroup of G and the order of H is m . By Lagrange’s theorem

m is a divisor of n.

n
Consider k=—.
m

Then we have n=mk.

Now a"=a™ =(a") =¢' [-o(a)=m=a"=¢]

o(H)o(K)

Theorem.15. Let H and K be finite subgroups of a group G . Then o(HK) = o(HNK)

Proof. Let HK is a subset of G . It is not necessary that it will be a subgroup of G . Using o(HK)we

mean the number of distinct elements in HK .

Consider D=H K. Then Dis a subgroup of Gand D < K. Therefore D is a subgroup of K. Since
K'is finite, therefore the number of distinct right cosets in right coset decomposition of K with respect to

o(K)

D is finite. Let it be m . Using Lagrange’s theorem, we have m = W :
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If Dk, DK,,...., DK, are the distinct right cosets of D in K,then we have

Observe that k,, k,,...., K,, are some distinct elements inK'.

Now we have HK=H (U Dkij

i=1

- MK [“DcH=HD=H]

— Hk, UHK, U......UHk, . (D)

We shall show that the cosets Hk,, Hk,,.., Hk,, are pairwise distinct. Suppose we have

Hk; = Hk;
= kki*e HNK [k k; e K= kk;' e K]
= kikj’1 eD
= Dk; = Dk;
= k =k;. [ DK,,...., Dk, are distinct cosets]
Thus Hk;, Hk,,....., Hk_ are distinct right cosets and so they are pairwise disjoint also. The number of

elements in each of them is equal to o(H )i.e., the number of elements in H . Therefore from (1) we

conclude that the number of elements in HK is equal to mxo(H ).

Therefore we have
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Solved Examples

Example.3. Show that two right cosets Ha, Hb are distinct if and only if the two left cosets

a*H,b™*H are distinct.

Sol. In order to prove the given statement we shall prove that two right cosets Ha, Hb are equal if and

only if the two left cosets a™*H,b™H are equal.

Now we have
Ha = Hb
= abteH
= ab™H =H [“heH < hH =H]
= a“‘ab™H =a"H
=3 b*H=a"H
& a'H=b"H.

6.8 Cayley’s Theorem

Theorem.16. Every finite group G is isomorphic to a permutation group.

Proof. Let G be a finite group. If a G, then for every x in G the product axis also an element
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of G . Now consider the function f,from G into G defined by
f,(X)=ax+xeG.

The function f, is one-one because if X,y € G, then we have

= X=Yy [by left cancellation law in G ]

The function f, is also onto because if x is any element of G, then Jan element a™*x in G such that

f,(a"x)=a(ax)

Thus f, is a one-one function from G onto G . Therefore f, is a permutation on G. Let G'denote the

set of all such one-one onto functions defined on G corresponding to every element of G i.e.,

G'={f,:aeG}.

First we shall that G'is a group with respect to the operation known as composite or product of two
functions.

Closure Property. Let f,, f, e G'where a,beG. From our definition of product of two functions, we

have

(f.f,)(x)=f,[ f,(x)]=f,(bx)=a(bx)=(ab)x = f, (X)forall xeG.
Therefore by the definition of equality of two functions, we have

ff,=f,.

a
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Since ab e G, therefore f,, € G'and thus G'is closed with respect to the product of functions.

Associativity. Let f_, f,, f. € G'where a,b,c € G . Then we have

fo(f,f,)="f,fy [ from(1), f,f =T,
= T [ from (1)]
= fiane [by associativity in G
=f,f, [ from(1)]

= ( fa fb) fc. I:from (1)]
Therefore given operation is associative.

Inverse Property. If a™ is the inverse of a in G, then f . istheinverse of f, in G'because

Therefore G'is a group.

Now we shall show that G=G".
Consider the function ¢ from G into G'defined by ¢(a)=f, ~aeG.

¢ isone-one. If a,b € G, then we have

#(a)=4(b)
= f,=1,
= f,(x)=f,(x) »xeG
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Hence ¢ is one-one.
¢ isonto. Let f, be any element of G'. Then a € Gand we have ¢(a) = f,. Therefore ¢ is onto.

¢ preserves group compositions: If a,b € G, then we have

¢(ab)=f, [by def. of ¢]
= f.f,. [ from(1) ]
=¢(a)p(b) [by def. of ¢]

Therefore ¢ preserves group compositionsin Gand G'.

Hence G=G'.

6.9 Fermat’s Theorem

Theorem.17. If p is a prime number and a is any integer then a” = a(mod p).

Proof. Consider G is the set of non-zero residue classes of integers modulo p. If p isprime then Gisa

group of order p—1with respect to multiplication of residue classes. Suppose a is any integer.

Case-l: If p is a divisor of a then [a]=[0] and therefore [a]¢ G but
pla = pla®
= pla’-a

= a’=a(modp).
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Case-l1: If p is not a divisor of a then [a] = [o] and therefore [a]eG .

Hence we have

= a""=1(modp)

= aP™ —1 is divisible by p

= a(a’™* -1) is divisible by p
= a” —a is divisible by p

= a’ =a(mod p).

Hence if p is a prime number and a is any integer then a” = a(mod p).

6.10 Euler’s Theorem

Theorem.18. If n isa positive integer and a is any integer primeto n then a"” =1 (mod n), where

¢ is Euler function.

Proof. Consider [Xx] be residue class of the set of integers mod n. Consider G = {[x] :a is an integer

relatively prime ton }. Then G is a group of order ¢(n) with respect to multiplication of residue classes

of G.

Now we have

[a]eG - [a]O(G) =1
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Hence if n isa positive integer and a is any integer prime to n then a’" =1 (mod n),where ¢ is Euler

function.

6.11 Summary

Let G be a group and H is a non-empty subset of G. Then H is said to be a subgroup of G if H itself a
group under the same operations as in G.

Let G be a group. Then any non-empty subset H of G is known as complex of G.

Every subgroup of G is a complex of G but every complex is not always a subgroup. The multiplicative
group {1, -1} is a subgroup of the multiplicative group {1, —1, i, —i}.

Let G be a group and H and K are any two complexes of group G, then

HK ={xeG|x=hk,heH keK}.

A non-empty subset H of a group G is asubgroup of G if and only if
() aeH,beH = abeH; (i) aeH =a" eH where a™ isthe inverse of a in G.

A necessary and sufficient condition for a non-empty subset H of a group G to be a subgroup is that

acH,beH = ab™ e H, where b istheinverseof b in G.

The union of two subgroups is not necessarily a subgroup.
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Let Gbe a group and H is any subgroup of G. Let abe any element of G. Then the set

Ha:{ha e H} is known as a right coset of H in Ggenerated by a. Similarly the set

aH ={ah:h e H} is known as the left coset of H in G generated by a.

The order of each subgroup of a finite group is a divisor of the order of the group.

Every finite group G is isomorphic to a permutation group.

If p isaprime number and a is any integer then a” =a (mod p).

If n is a positive integer and a is any integer prime to n then a’" =1 (mod n), where ¢ is Euler

function.

6.12 Terminal Questions

Q.1. Define the subgroup and complexes.

Q.2. What do you mean by left and right Cosets ?

Q.3. Prove that the only right (or left) coset of a subgroup H in a subgroup H in a group G which is also a
subgroup of G is H itself.

Q.4. Let abe an element of agroup G. The set H = {a“ ‘nel } of all integral powers of ais a subgroup

of G.

Q.5. State and prove Lagrange’s theorem.
Q.6. Let H be asubgroup of agroup G and define T = {x eG:xH = Hx} .Provethat T isasubgroup
of G.

Q.7. State and prove Cayley’s theorem.
Q.8. State and prove Fermat’s theorem.

Q.9. State and prove Euler’s theorem.
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Block-3

Advanced Group Theory

Cyclic and normal subgroups are key concepts in group theory, developed in the 19th century by
mathematicians like Evariste Galois. A cyclic group is generated by a single element and is used in
number theory, cryptography, geometry, coding theory, computer science, and topology due to its regular
structure. A normal subgroup, introduced by Galois, remains unchanged under certain operations and
helps form quotient groups. It is essential in understanding group structure and has applications in
algebra, geometry, physics, and many scientific fields. Both are simple yet powerful tools widely used
in mathematics and technology. A homomorphism is a map between groups that preserves their structure.
It helps in understanding group relationships, identifying normal subgroups, and forming quotient
groups. Homomorphisms are key to simplifying and comparing groups and have important applications

in fields like cryptography, coding theory, and physics.

In the seventh unit, we shall discuss about the cyclic group and some important theorems on cyclic
groups. Normal subgroup, simple group, conjugate element, centre of a group, conjugate subgroup and
quotient groups are also discussed in details in unit eight. Ninth unit introduced the concept of
Homomorphism on groups, Kernel of a homomorphism, fundamental theorem on homomorphism of
groups, automorphisms and inner automorphisms, Maximal subgroup, Composition series of a group,

Jordon Holder’s theorem, Solvable groups, Direct products, Sylow’s theorem.
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UNIT- 7: Cyclic Group

Structure

7.1 Introduction

7.2  Objectives

7.3  Cyclic Group

7.4  Some important Theorem on Cyclic Groups
7.5 Summary

7.6 Terminal Questions

7.1 Introduction

The idea of a cyclic group is an important part of group theory, which was developed during the 19th
century. Mathematicians like Evariste Galois, Cauchy, and Cayley played key roles in the development
of cyclic group theory. A cyclic group is a group where all elements can be created by repeatedly applying
a group operation to a single element, known as the generator. Because of their simple and regular
structure, cyclic groups were among the first types of groups studied in mathematics. They are very useful
in number theory, especially in understanding patterns in modular arithmetic, and are used in cryptography

to help protect information, like in RSA and Diffie-Hellman encryption.

Cyclic groups also appear in geometry, where they describe rotations and patterns, and in coding theory,
where they help create codes that detect and fix errors. In computer science, they are useful for studying

systems with repeating behavior, like state machines. Even in topology, they help describe loops and
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paths, such as the circular path around a circle. Overall, cyclic groups are simple but powerful tools used

in many areas of mathematics and technology.

7.2 Objectives

After studying this unit the learner will be able to understand the :

" Cyclic group

" Some important theorem on cyclic group

7.3 Cyclic Group

Let G beagroup and a is any element of G. Then G is said to be a cyclic group if there exist atleast one

element in G whose order is equal to the order of G.

or

Let G be a group and a is any element of G. If every element x G is of the form a", where nis some

integer, then G is known as cyclic group. The element a is then a generator of G .

Solved Examples

Example.l. Let G={1, ®, o’} be afinite multiplicative group. To show that G is cyclic group and

find the generators of G.

Sol. It is given that G = {1, , a)z} . We know that the order of G is equal to number of distinct element

inG,ie., 0(G)=3.
Here G is a finite multiplicative group so 1 is the identity element, i.e., o(1) =1.
We have

(a))l = w,
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(co)3 =0’=1 (i.e., 1 is an identity element)
Therefore o(w)=3.

Here we see that the order of w is equal to order of group G, i.e., o(a)) = o(G) =3.

Thus o is a generator of G. Also the group G elements can be written as in form of (co o, @ :1) .

Now we have

(o )3 =0’ =0’.0° =1.1=1 (i.e., 1 is an identity element)
Therefore 0o(w’)=3.
Here we see that the order of @ is equal to order of group G, i.e., o(a)z) = o(G) =3.

Thus @ is a generator of G. Also the group G elements can be written as in form of

Therefore, both two elements of G (a) and a)z) are generators of G.

Hence the given finite multiplicative group G is cyclic.

Example.2. Let G ={1, -1 1, —i} be a finite multiplicative group. To show that G is cyclic group

and find the generators of G.
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Sol. Itis giventhat G ={1, —1, i, —i} . We know that the order of G is equal to number of distinct elements

inG,ie., 0(G)=4.
Here G is a finite multiplicative group so 1 is the identity element, i.e., o(1) =1.

We have

(—1)2 =1. (i.e., 1 is an identity element)
Therefore o(-1)=2.

Now we have

(i)4 =i%i? =(-1).(-1)=1. (i.e., 1 is an identity element)
Therefore o(i)=4.

Here we see that the order of i is equal to order of group G, i.e., o(i) = o(G) =4,

Thus i is a generator of G. Also the group G elements can be written as in form of

(i, iP=-1 i =i, i =1).
Again we have

(i)} =i
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(1) =i%(-i)=(-1).(-1) =i,
(—i)* =i%i? =(-1).(-1) =1, (i.e., 1 is an identity element)
Therefore o(-i)=4.
Here we see that the order of —i is equal to order of group G, i.e., 0(-i)=0(G)=4.
Thus —i is a generator of G. Also the group G elements can be written as in form of
(i) ==i, (=) =1, (i) =i, (-i)"=1).
Therefore, both two elements of G (i and —i) are generators of G.
Hence the given finite multiplicative group G is cyclic.

Example.3. Let G ={a, a’, a’, a‘, a’, a° =e} be a finite multiplicative group. To show that G is

cyclic group and find the generators of G.

Sol. It is given that G = {a, a’, a’, a*, a’, a° :e} . We know that the order of G is equal to number of

distinct elements in G, i.e., 0(G)=6.

Here G is a finite multiplicative group and it is given that a® =e is the identity element of G, i.e.,
o(a®)=1.

We have

a’=e = o(a)=6.

(az)3 =a’=e = o(a’)=3.
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Here we see that the order of @ and a° is equal to order of group G, i.e., o(a)=0(a°)=0(G)=6.

Therefore, both two elements of G (a and a°) are generators of G.

Hence the given finite multiplicative group G is cyclic.

Example.4. Let G = {O, 1 2 3 4, 5} be a finite group with addition modulo 6. To show that G is

cyclic group and find the generators of G.

Sol. It is given that G={0, 1, 2, 3, 4, 5}. We know that the order of G is equal to number of distinct

elements in G, i.e., 0(G)=F6.

Here G is a finite group with addition modulo 6 and 0 is the identity element of G, i.e., 0(0) =1.

We have

12 =1+1=2,
P=1+1+,1=1+,2=3,
1" =1+,1+,1+,1=1+,3=4,

P =1+1+41+,1+,1=1+,4=5,
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1° =144 1+51+,1+,1+,1=1+,5=0 (i.e., 0 is an identity element)
Therefore o(1)=6.
Here we see that the order of 1 is equal to order of group G, i.e., 0(1) = o(G) =06.

Thus 1 is a generator of G. Also the group G elements can be written as in form of

(11=1, 12=2 1=3 1°=4,1° =5, 16=0).

Now we have
2'=2,
22 =2+,2=4,
2°=2+,2"=2+,4=0 (i.e., 0 is an identity element)

Therefore o(2)=3.
Now we have
3=3,
¥ =3+,3=0, (i.e., 0 is an identity element)

Therefore o(3)=2.

Now we have
4 =4,
42 =4+,4=2,
A =4+,4 =4+,2=0, (i.e., 0 is an identity element)

Therefore o(4)=3.
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Now we have

5' =5,

52 =5+,5=4,

5°=5+,52=5+,4=3,

5'=5+,5°=5+,3=2,

5°=5+,5'=5+,2=1,

5°=5+,5" =5+,1=0, (i.e., 0 is an identity element)
Therefore o(5)=6.
Here we see that the order of 5 is equal to order of group G, i.e., 0(5) = o(G) =6.

Thus 5 is a generator of G. Also the group G elements can be written as in form of

(51=5, 52-4, 5°=3 5'=2 5°=1 56=0).

Here we see that the order of 1 and 5 is equal to order of group G, i.e., 0(1)=0(5)=0(G)=6. Therefore,

both two elements of G namely 1 and 5 are generators of G.

Hence the given finite group G with addition modulo 6 is cyclic.

Check your Progress

Q.1. What do you mean by cyclic group?

Q.2. Explain the concept of generator.

Q3. Let G= {1, 2,3, 4,5, 6} be a finite group with addition modulo 7. To show that G is cyclic group

and find the generators of G.
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Q.4. Let (G :{0, 1, 2,3 4, 5},+6) be a finite group. To show that G is cyclic group and find the

generators of G.

Q.5. LetG= {O, 1 2, 3}, +, be a finite group. To show that G is cyclic group and find the generators of
G.

7.4 Some important Theorems on Cyclic Groups

Theorem 1. Every cyclic group is an abelian group.

Proof. Let G be a cyclic group whose generator is a. Suppose X, Yy are any two elements of G . Then

there exist integers r and S such that
x=a',y=a’.

Now we have

Therefore we have
Xy=yx ~»XyeG.
Hence G is abelian.
Theorem 2. If a is a generator of a cyclic group G, then a™ is also a generator of G.
Proof. Let G be a cyclic group whose generator is a. Consider a" be any element of G, where r is some

integer.
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. =r . . .
Now we can write a" = (a’l) . Some —r is also some integer, therefore each element of G is generated

by a™. Therefore a"is also a generator of G .
Theorem.3. Every group of prime order is cyclic.

Proof. Suppose G is a finite group whose order is a prime number p; then to show that G is a cyclic

group.

Note that an integer p is said to be a prime number if p = 0, p = £1, and if the only divisors of p are

+1, +p.

Since G is a group of prime order, therefore G must contain at least 2 elements. Note that 2 is the least

positive prime integer.
Therefore there must exist an elements a € Gsuch that a = the identity element €.

Since a is not the identity element, therefore o(a)is definitely >2. Let o(a)=m. Then H={a} isa

cyclic subgroup of Gand o(H)=o0(a)=m.
Using Lagrange’s theorem M must be a divisor of p. But p is prime and m>2. Hence m = p.

Therefore H =G. Since H is cyclic, therefore G is cyclic and a is a generator of G .

Theorem 4. Every subgroup of a cyclic group is cyclic.

Proof. Suppose G ={a} is a cyclic group generated by a. If H =G or {e}, then obviously H is cyclic.

Therefore H is a proper subgroup of G.The elements of H are integral powers of a. If a® € H, then the

inverse of a° i.e., a°eH.

Thus H contains elements which are positive as well as prove that H ={a"} i.e., H s cyclic and is

generated by a™ .

Let a' be any arbitrary element of H . Using division algorithm, there exist integers ¢ and r such that
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t=mg+r,0<r<m.
Now we have a™ e H =(a" )q eH [by closure property]
= a™eH
a1
= (a'“q) eH
= a™eH.

Also we have

aleH,a™eH

= ala™eH
= a™™ e H
= a'eH [ r=t-mq]

Now M is the least positive integer such that a" € H and 0<r <m.Therefore must be equal to 0. Hence
t =maq.

Therefore a' =a™ =(a”1 )q.

Thus every element a' € H is of the form (a" )q . Therefore H is cyclic and a™ is a generator of H.

Solved Examples

Example.5. Show that the group ({1 2,3,4,5, 6} , X5 ) is cyclic. How many generators are there?

Sol. Let G =({1, 2, 3,4,5, 6}, x, ) beagroup. If there exists an element a e G such that 0(a)=6ii.e.,

equal to the order of the group G then the group G will be a cyclic group and a will be a generator of G.

We see that 0(3) = 6 because
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3'=3,32=3x%,3=2,32=3?x,3=2x,3=6,

3*=6x,3=4x,3=5,3=5x,3=1 i.e, the identity element.

Therefore G is cyclic and 3 is a generator of G.

Here we can write G = {31, 3%,3%,3%, 35,36}.

Now 5 is prime to 6. Therefore 3°i.e.,5 is also a generator of G.

Example.6. How many generators are there of the cyclic group G of order 8?

Sol. Suppose a is a generator of G . Also it is given thato(a) =8. Here we can write
G={aa’a’a"a"a"a’,a"}.

We know that if G is a cyclic group generated by a and o(a) =n,then a" is a generator of G if and only

if mand n are relatively prime. So we make the following observations:

7 is prime to 8, therefore a’is also a generator of G.

5 is prime to 8, therefore a’is also a generator of G.

3 is prime to 8, therefore a’is also a generator of G.

Since 2 and 8, 4 and 8, 6 and 8, 8 and 8 are not relatively prime, therefore none of the elements a*,a*,a’

and a’can be a generator of G.
Thus there are only four generators of G i.e., a,a*,a”,a’.
Example.7. Give an example of a finite abelian group which is not cyclic.

Sol. Let G be the set of the four matrices

SRS PRSP Pt

It can be easily seen that G is an abelian group with respect to multiplication of matrices. The identity

element of this group is the identity matrix 1.
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Now we find the order of each element of G.
We have o(1)=1.

Also we have

AZZ:_Ol (1)}[_01 ﬂ:[; ﬂ:l; ~o(A)=2;

o [0 O O e

e P P S P R C B

Now G is a group of order 4 and G contains no elements of order 4. Therefore G is not a cyclic group.

Hence G is a finite abelian group which is not cyclic.

6.11 Summary

Let G be a group and a is any element of G. Then G is said to be a cyclic group if there exist atleast one

element in G whose order is equal to the order of G.

Let G be a group and a is any element of G. If every element x € G is of the form a", where nis some

integer, then G is known as cyclic group. The element a is then a generator of G .

Every cyclic group is an abelian group. If a is a generator of a cyclic group G,then a™ is also a

generator of G.

Every group of prime order is cyclic and every subgroup of a cyclic group is cyclic.

6.12 Terminal Questions

Q.1. Define the cyclic group.
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Q.2. What do you mean by generators of a group ?
Q.3. If wbe the cube root of unity, show that the set {1, o, a)z} is a cyclic group of order 3 with respect to
multiplication.

Q.4. Find the order of each element in the multiplicative group of residues 1, 2,3, 4,5, 6 prime to 7.

Q.5. Show that every finite group of order less than six must be abelian.
Q.6. Show that every isomorphic image of a cyclic group is again cyclic.
Q.7. To show that every proper subgroup of an infinite cyclic group is infinite.

Q.8. If G is an infinite cyclic group, then G has exactly two generators and G is isomorphic to the additive

group of integers.

Q.9. A cyclic group G with generator of finite order n, is isomorphic to the multiplicative group of nth

roots of unity.

Q.10. A cyclic group G with a generator of finite order n is isomorphic to the additive group of residue

classes modulo n.
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8.1 Introduction

The idea of a normal subgroup came from the work of Evariste Galois in the 1800s. He used it while
studying when polynomial equations could be solved using simple algebraic methods. Galois realized that
some subgroups of a group remain unchanged under certain operations, and these special subgroups
became known as normal subgroups. His work helped create the branch of mathematics we now call group
theory, and the idea of normal subgroups became important for understanding the internal structure of
groups.

Normal subgroups are very useful in many areas of mathematics and science. They help form quotient
groups, which break larger groups into simpler parts. They also play an important role in homomorphisms,
showing how two groups are related. In Galois theory, they help determine whether equations can be
solved easily. In geometry and physics, normal subgroups are used to study symmetry and structure, such
as in crystals or particle behavior. Because of their wide applications, normal subgroups are a fundamental

concept in both pure and applied mathematics.

8.2  Objectives

After reading this unit the learner should be able to understand about the:

. Normal subgroup and simple group

. Conjugate elements and normalizer of an element of a group, and self conjugate elements
" The centre of a group

" Conjugate subgroup and normalizer of a subgroup of a group

" Self conjugate subgroups and quotient groups
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8.3 Normal Subgroup

A subgroup Hof a group Gis said to be normal subgroup of Gif for every xeGand for every

heH,xhxteH.

From this definition we can immediately conclude that H is a normal subgroup of Gif and only if

XHX'cHw»xeG.

Note: 1. Consider G is an abelian group with operation multiplication. Let H be any subgroup of G . If
x is any element of G, then H xisaright coset of H in Gand x H is a left coset of H in G. Also G is

abelian, therefore we must have H x=x H ~»xeG.

2. However, if it is possible that G is not abelian, yet it keeps a subgroup H suchthat H x=x H ~»xeG

. Such subgroups of a group G come under the category of normal subgroups and these are very important.

3. Consider G is a group and we have xeG = x ' eG. Therefore H is normal subgroup of G if and

only if x’lh(x’l)f1 ie, X'hxeH ~»xeG and ~heH.

4. Every group G prossesses at least two normal subgroups namely G itself and the subgroup consisting
of the identity element e alone. These are known as improper normal subgroups. There exist groups of

which these are the only normal subgroups. Such groups are known as simple groups.

5. Since every cyclic group is abelian, therefore every subgroup of a cyclic group is normal.

8.4 Simple Group

A group having no proper normal subgroups is known as a simple group. Every group of prime order is

simple. Using Lagrange’s theorem such a group has no proper subgroups.

Theorem.1: A subgroup H of a group Gis normal if and only if xHx™'=H ~xeG.
Proof . Consider xHx™* =H ~xeG. Therefore H is normal subgroup of G.

Converse. Let H be a normal subgroup of G.
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Then xHx'cHw~wxeG L (1)
xeG = x'eG.

Therefore we have
x*H (x‘l)_1 cxHx? w»xeG
(xTH(x1)tis a subset of H i.e. xHx is a subset of H

for all = HcxHx'xeGc ()

From equations (1) and (2), we conclude that xHx™ = H forall xeG
Hence a subgroup H of a group G is normal if and only if xHx™" =H ~wxeG.

Theorem.2. A subgroup H of a group G is a normal subgroup of G if and only if each left coset of

H in G isaright cosetofH in G.
Proof: Let G be a group and H is a normal subgroup of G.

Then we have

xHxt=H ~»xeG
= (xHx’l)x: Hx forall xeG

= xH = Hxforall xeG.

This implies each left coset xH is the right coset Hx.

Conversely, suppose that each left coset of H in Gis aright coset of H in G. Let x be any element of

G. Then we have xH =Hy , for some y €G.
Since e € H, therefore xe=x e xH.

Therefore we have
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X € Hy [~ Hy=xH]

But xe Hy = Hx=Hy.
Thus Hx =xH. [+ Hy=xH]
Thus we have
XH=Hx ~»xeG
= XHX ' =Hxx" +»xeG
= XHX' =H »xeG.

This implies H is a normal subgroup of G .
Thus H is a normal subgroup of G < xH = Hx~ xeG.

Hence a subgroup H of a group G is a normal subgroup of

aright coset of H in G.

G if and only if each left coset of H in G is

Theorem.3. A subgroup H of agroup G is a normal subgroup of G if and only if the product of two

right cosets of H in Gis again a right coset of Hin G.

Proof . Let H be a normal subgroup of a group G . Let a,b

are two right cosets of H in G. We have

(Ha)(Hb)=H (aH)b

be any two elements of G . Then Haand Hb

=H(Ha)b [ H isnormal = Ha=aH ]
= HHab
— Hab ["HH =H]

Since a€ G,be G = ab G, therefore Hab is also a right coset of H in G. Thus the product of the
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right cosets Ha and Hb is the right coset Hab.

Converse. Let H be a subgroup of G such that the product of two right cosets of H in G is again a right

coset of H in G. Let x be any element of G. Then x* G . Therefore Hxand Hx " are two right cosets
of Hin G.

Consequently, by hypothesis HxHx " is also a right coset of H in G. Since e e H, therefore we have

exex ' =e isan element of the right coset Hx Hx™*. But H itself is a right coset of H in Gand ec H

Also if two right cosets have one element common they must be identical.

Therefore we must have

HxHx*=H ~»xeG

= hxhx*eH ~»xeG and ~h, ,h e H
= h*(hxhx*)eh™H ~»xeGand ~h,heH
= xhx*eH ~xeGand v+heH [*"hH=H ash™"eH sincen eH |

This implies H is a normal subgroup of G.

Hence a subgroup H of a group G is a normal subgroup of G if and only if the product of two right cosets

of Hin Gis again aright coset of Hin G.
Theorem.4. The intersection of any two normal subgroups of a group is a normal subgroup.

Proof. Let H and K be two normal subgroup of a group G. Since H and K are subgroup of G, therefore
H n K is also a subgroup of G. Now to prove that H n K is a normal subgroup of G. Let x be any

element of G and n be any element of H n K. Now we have

NeHNK = neH,nekK.

Since H is a normal subgroup of G, therefore we have
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xeG,neH = xnx*'eH.
Similarly, we have xnx* € K.
Now we have
xnxteH,xnx'eK = xnx'teHnNK
Thus we have
xeG,neHNK = xnx'eHnK.

Hence H n K is a normal subgroup of G.

Solved Examples

Example.1. Show that every subgroup of an abelian group is normal.
Sol. Let G be an abelian group and H a subgroup of G . Let x be any element of G and h any

element of H . We have
xhx™* = xxh [ Gis abelian = x*h =hx* |
=eh=heH.
Thus xeG,heH = xhx*'eH.
Hence Hisnormal in G.

Example.2. Let P, be the symmetric group on n symbols. Prove that A, isa normal subgroup of

P

ne

Sol. Let « be any element of P, and £ any element of A, . Then /S is even permutation and « may be

1

odd or even. We claim that ¢S is an even permutation.

If « isodd, then ais also odd. Now «/3 is odd and consequently aBa™ is even.
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If «iseven, then «'isalso even. Now af3 is even and consequently aBar  is even.
Thus ¢ eP,,Bc A, = afa e A,.
Hence A, is anormal subgroup of P, .

Example.3. If Gisagroup and H isasubgroup of index 2in G prove that H isanormal of G.

Sol. Let H be a subgroup of index 2 in a group G .Then the number of distinct right (left) cosets of H in
Gis 2.

Let x be any element of G. If xe H , then we have xH =H = Hx.

If x ¢ H,then the right coset Hxis distinct from H and the left coset xH is distinct from H.But H is of

index 2; therefore the number of distinct right (left) cosets in right (left) coset decomposition of G will
be 2.

Therefore the cosets H, Hx, XxH are such that

G=HuUHx=HuUxH.
But there is no element common to H and Hx and also there is no element commonto H and xH .
Therefore we must have Hx=xH .

Thus we have Hx=xH ~xeG.

Hence H is a normal subgroup of G.

Check your progress

Q.1. What do you mean by normal subgroup?
Q.2. Define simple group.

Q.3. Give an example of each of the following:
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(i) A sub-group H of some group G,which is not normal in G.
(ii) A non-trivial sub-group H of a non-abelian group G, which is normal inG..

Q.4. If His asubgroup of Gand N is a normal subgroup of G, show that H ~N is a normal subgroup
of H.

8.5 Conjugate Elements

If a,b be two elements of a group G, then b is said to be conjugate to a if there exists an element

x € G such that b = x'ax .
If b = x"ax, then b is also known as the transform of a by x.

If b is conjugate to a then symbolically we shall write b—a and this relation in G will be called the

relation of conjugacy. Thus b—a if and only if b—x"ax for some xeG.
Theorem.5. The relation of conjugacy is an equivalence relation on G.
Proof. Reflexivity. If a is any element of G, then we have a=e"ae = a~a.
Thus we have

a~a ~waeG.
Therefore the relation is reflexive.

Symmetry. We have a~b = a=x"bx for some xeG.

= xax ! = x(x‘lbx) Xt
= xax ' =b
= b= (x‘l)ax‘l, where x ' eG

PGMM-106-MAMM-106/187



= b~a.
Therefore the relation is symmetric.
Transitivity. Let a~b, b ~c. Then we have

a=x"bx,b=y"cy forsome x,y eG.
From this we get

a=x"(yey)x [“b=y cy]
:(yx)_1 c(yx), where yxe G .

Thus a ~ ¢ and thus the relation is transitive.

Hence the relation of conjugacy in a group G is an equivalence relation. Therefore it will partition G into

disjoint equivalence classes called classes of conjugate elements. These classes will be such that

Q) Any two elements of the same class are conjugate.

(i) No two elements of different classes are conjugate.

The collection of all elements conjugate to an element a e G will be symbolically denoted by C (a) or by

a.Thus C(a)={xeG:x~a}. C(a) will be called the conjugate class of a in G . We have (ylay)~a

for all yeG. Also if b~a then b must be equal to y ‘ay for some yeG. Therefore

C(a)={y"'ay:yeG}.

If Gis a finite group, then the number of distinct elements in C (a)will be denoted by c, .

8.6 Normalizer of an element of a group

If aeG,then N(a),the normalizer of a in G is the set of all those elements of G which commute with

a. Symbolically N (a)={x e G:ax=xa}.
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Theorem.6. The normalize N(a) of aeG is a subgroup of G.
Proof. Using the definition of Normalizer of an element of a group, we have N (a)={x e G:ax = xa}
Suppose X;,X, € N(a). Then we have ax, = x,a, ax, = X,a.

First we show that X, € N (a).

Now we have
ax, = X,a
= X (8%, )% =%t (%,a) X,
= X,'a=ax;"
= X,- e N(a)

Now we shall show that x,X," € N (a).

We have
a(xx;') = (ax )%’
=(%a)x%’
(a5
=1 (xa)
=(xx")a.

Therefore XX, € N(a).
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Thus X, % eN(a) = xx% eN(a).
Hence N (a)is a subgroup of G.
Note 1. It should be noted that N (@) is not necessarily a normal subgroup of G .

2. Since ex=Xe X G, therefore we have N (e)=G.

3. If Gis an abelian group and G. Then two elements a<G, then ax ¥ Xe G . Therefore we have

N(a)=G.

Theorem.7. Let a be any element of a group G. Then two elements X, y e G give rise to the same
conjugate of a if and only if they belong to the same right cost of the normalizer of a in G. Hence
0(G)
o[ N(a)]

in G is the index of the normalize of a in G.

show that is G is a finite group, then C_ = , 1.e., the number of elements conjugate to a

Proof. We have x, y €G are in the same right coset of N(a) in G.
& N(a)x=N(a)y

[*-xeN(a)x, yeN(a)y.Note that if H is a subgroup, then x & Hx |

& xy " eN(a) [ If H is a subgroup, then Ha =Hb <ab'e H]
=3 axy ™ =xy‘a [ by definition of N(a)]

& X (axy’l) y=x" (xy’la) y

o xtax = ytay

= X, Y give rise to the same conjugate of a.

Hence the first result follows.
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Now consider the right coset decomposition of G with respect to the subgroup N(a ). We have just proved

that if x, y G are in the same right coset of N(a) in G, then they give the same conjugate of a.

Further if x, y are in different right cosets of N(a) in G, then they give rise to different conjugates of a.
The reason is that if x,y give the same conjugate of a, then they must belong to the same right coset of
N(a) in G. Thus there is a one to one correspondence between the right cosets of N(a) in G and the

conjugates of a.
Therefore, if G is a finite group, then we have

Ca = the number of distinct element in C(a)
= the number of distinct right cosets of N(a) in G
= the index of N(a) in G.

__0°(6)

o[N(a)]’

8.7 Self-Conjugate elements

An element aeGsaid to be self-conjugate if a is the only member of the class C (a) of elements

conjugate to a i.e., if C(a)={a}.

Thus, a, is self-conjugate if and only if a=x"ax~xeG or xa=ax~xeG. Therefore a is self-

conjugate element is one which commutes with each element of the group.

If ais a self-conjugate element, then we have a=Xx"'ax»xeG.

Thus the transform of a by every element of G remains equal to a . Therefore sometimes a self-conjugate

element is also known as an invariant element.

8.8 The centre of a group

The set Z of all self-conjugate elements of a group G is known as the centre of G. It denoted as
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Z={z1eG:2x=xz2~xeG}.
Theorem.8. The centre Z of a group G is a normal subgroup of G.
Proof. Using the definition of the centre of a group, we have We have Z = {z eG:zX=x2+Xe G} .

First we shall prove that Z is a subgroup of G.

Let z,z,eZ.Then zx=xzand z,x=xz,forall xeG.

Now we have
Z,X=XZ,~»XeG
-1

= z,'(2,X) 2, =2,'(xz,) 2,

= xz,' =2,'x »xeG

Now we have

(zlzz’l)x =1z (zz’lx)

Therefore 2,2,  Z.

Thus z,,z,eZ = z7,2,' € Z.
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Hence Z is a normal subgroup of G.
Theorem.9. Let acZ ifand only if N(a)=G . If G is finite, a,c Z if and only if o[ N(a)]=0(G).

Proof. Let a € Z. Then by definition of Z, we have

ax=xa ~»XxeG.

Also N(a)={xeG:ax=xa}.

Now we have
acZ < ax=xa »xeG [by definition of Z |
< xeN(a) wxeG [ by definition of N(a) |
< N(a)=G. [ N(a)< G and eah element of G is in N(a) |

If the group G is finite, then we have

Therefore if the group G is finite, then a e Z if and only if o[N (a)] =0(G).

8.9 Conjugate Subgroup

If A B be two subgroup of a group G, then B is said to be conjugate to A if there exists an element x e G

such that B=x"Ax.
Note: 1. If B =x"Ax,then B is also called the transform of A by x.

2. If Bis conjugate to A, then symbolically we shall write B ~ A.
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8.10 Normalizer of a Subgroup of a Group

If A is a subgroup of a group G, then N (A) the normalizer of A in G is the set of all those elements of

G which commute with A. It is denoted as

N(A)={xeG:xA=Ax}.

8.11 Self-Conjugate Subgroups

A subgroup A of a group G is said to be self-conjugate if A is the only member of the class C(A) of

subgroups conjugate to A.

Thus, A, is self conjugate if and only if
A=Xx"Ax+»xeG orxA=Axv»xeG
or A is a normal subgroup of G.

If A is a self- conjugate subgroup of a group G, then we have A=Xx"'Ax~xeG. Thus the
transform of A by every element of G remains equal to A. Therefore sometimes a self-conjugate subgroup
is a also called an invariant subgroup. It is quite obvious that a subgroup of a group G is invariant if and

only if it is normal. Therefore sometimes a normal subgroup is also called an invariant subgroup.

8.12 Quotient Groups

If G isagroup and H is a normal subgroup of G, then the set G/ H of all cosets of H in G is a group. The
identity element of the quotient group G/ H is H.

Theorem.10. The set of all cosets of a normal subgroup is a group with respect to multiplication of

complexes as the compostion.

Proof. Let H be a normal subgroup of a group G. Since H is normal in G, therefore each right coset will
be equal to the corresponding left coset. Thus there is no distinction between right and left cosets and we

shall call them simply as cosets. Consider G/ H is the collection of all cosets of H in Gi.e., suppose
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G/H={Ha:aeG}.
Closure Property:
Consider a,b e G. Then we have (Ha)(Hb)=H (aH )b =H (Ha)b = HHab = Hab.
Since ab € G, therefore Habis also a coset of Hin G.So HabeG/H.
Thus G/ H is closed with respect to coset multiplication.
Associativity:
Suppose a,b,c € G. Then we have Ha,Hb,Hce G/ H.
Now we have

Ha[ (Hb)(Hc) ] = Ha(Hbc)
- Ha(bc)
~ H (ab)c
= (Hab)Hc

=[ (Ha)(Hb) |Hc.

Thus the product in G/ H satisfies the associative law.
Identity Property: We have H =HeeG/H . Also if Hais any element of G/H , then we have
H (Ha)=(He)(Ha)
= Hea
=Ha

and similarly (Ha™)(Ha)=Ha'a=He=H.
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Therefore the coset H is the identity element.

Inverse Property: Let HaeG/H . Then Ha' eG/H.

Now we have
(Ha)(Ha)=Haa"=He=H.
Then Ha'a=He=H.
Thus coset Ha™is the inverse of Ha i.e., (Ha)’1 = Ha. Thus each element of G/ H possesses inverse.

Hence G/ H is a group with respect to product of cosets.

Solved Examples

Example.4. Let | be the additive group of integers. Let H be a subgroup of I such that
H ={mx: Xe I}where mis a fixed positive integer. Write the elements of the quotient group | /H.

Also prepare a composition table for | /Hwhen m=5.

Sol. Since I is an abelian group, therefore H is normal in I. The elements of I/H are the cosets of H in |

namely

H+0=H={..—2m,—m,0,2m,....}
H+1={.,-2m+1-m+11m+12m+1,...}

H+2={.,—2m+2,-m+2,2,m+2,2m+2,....}

H+(m-1)={..,-m-1-1Lm-12m-13m-1..}.
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These are the only distinct cosets of H in I. Because if sis any integer, then by division algorithm there

exist integers g and r such that s =mqg+rwhere 0<r<m-1.
Wehave H+s=H+mg+r=H+r [ mg e H and this gives H +mgq=H].

Thus H +sis one of the above m cosets of H in I. Thus there are m distinct elements in
the set I/H.

When m =5, the distinct elementsinI/Hare HLH+1,H+2,H+3,H +4.
If a,bel,then (H+a)+(H+b)=H+(a+b).
Also H+a=H+b<a-beH.Thus H+2=H+7,H+3=H +8and so on.

Hence the composition table for | /H is as given below:

H H+l H+2 H+3 H+4
H H H+l1 H+2 H+3 H+4
H+1 |[H+1 H+2 H+3 H+4 H
H+2 |H+2 H+3 H+4 H H+1
H+3 |H+3 H+4 H H+1 H+2
H+4 |H+4 H H+l1 H+2 H+3

o(G)

o(H)

Example.5. If G is a finite group and H is a normal subgroup of G, then o(G/H )=

Sol. We have

0(G/H ) =number of distinct right cosets of H in G

_ Number of elementsin G
Number opf elements in H

[by Lagrange’s theorem]

o(G)
o(H

N—"

Example.6. Show that every quotient group of an abelian group is abelian and the converse is not
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true.

Sol. Suppose G is an abelian group and H be a subgroup of G. Then H is a normal subgroup of G. If

a,b € G, then Ha, Hb are any two elements of G/ H. We have
(Ha)(Hb)=Hab = Hba [~ G is ablian = ab =ba]
Therefore G/H is abelian.

The converse is not true. For example if P,be the symmetric group of degree 3 and A, be the alternating
group of degree 3, then P,/ A;is an abelian group while P, is not an abelian group. The group P,/ Ais of

order 2, and every group of order 2 is abelian.
Example.7. Show that every quotient group of a cyclic group is cyclic and the converse is not true.

Sol. Let G be a cyclic group and a be a generator of G. Let H be a subgroup of G. Since every cyclic group

is abelian, therefore H is a normal subgroup of G. Let a"be any element of G where integer n. Therefore

G/ H is a cyclic group and Ha is a generator of it.

The converse is not true. For example P,/ A;is cyclic while P, is not cyclic.

8.13 Summary

A subgroup Hof a group Gis said to be normal subgroup of Gif for every xeGand for every
he H,xhx* e H . Since every cyclic group is abelian, therefore every subgroup of a cyclic group is

normal.

A group having no proper normal subgroups is known as a simple group. Every group of prime order is

simple. Using Lagrange’s theorem such a group has no proper subgroups.

A subgroup H of agroup G is normal if and only if xHx™" =H ~xeG.

A subgroup H of agroup G is a normal subgroup of G if and only if each left coset of H in G is a right

cosetof H in G.
The intersection of any two normal subgroups of a group is a normal subgroup.
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If a,b be two elements of a group G, then b is said to be conjugate to a if there exists an element

x e G such that b = x'ax . If b = x"ax, then b is also known as the transform of a by x.

If aeG,then N(a),the normalizer of a in G is the set of all those elements of G which commute with

a. Symbolically N (a)={x e G:ax=xa}.

An element a eGsaid to be self-conjugate if a is the only member of the class C (a) of elements

conjugate to a i.e., if C(a)={aj.
The set Z of all self-conjugate elements of a group G is known as the centre of G. It denoted as
Z={z1eG:2x=xz2~xeG}.

If A B be two subgroup of a group G, then B is said to be conjugate to A if there exists an element x e G

such that B = x*Ax.

If A is a subgroup of a group G, then N (A) the normalizer of A in G is the set of all those elements of

G which commute with A. Symbolically N (A)={xeG:xA= Ax}.
A subgroup A of a group G is said to be self-conjugate if A is the only member of the class C(A) of
subgroups conjugate to A.

If G is a group and H is a normal subgroup of G, then the set G/ H of all cosets of H in G is a group. The

identity element of the quotient group G/ H is H.

8.14 Terminal Questions

Q.1. Explain the concept of Normal subgroup with example.

Q.2. What do you mean by simple group?
Q.3. The normalize N (A)of a subgroup A of a group G is a subgroup of G.
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Q.4. Define normalizer of a subgroup of a group.
Q.5. What do you mean by centre of a group?
Q.6. Define Quotient Group.

Q.7. Is a group of order 121 abelian?

Q.8. Let P, be the symmetric group on three symbols a,b,cand A, be the alternating group on three

symbols a, b, c. From the composition table for the quotient group P,/ A,.
Q.9. If Nisnormal in G and a € Gis of order n, prove than the order, m, of Na in G/N is a divisor of n.

Q.10. Let Z be the centre of a group G. If a € Z, then prove that the cyclic subgroup {a} of G generated

by a is a normal subgroup of G.

ANSWERS

7. Yes.
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9.1 Introduction

The study of group homomorphisms, kernels, maximal subgroups, solvable groups, the Jordan—Hdolder
theorem, p-Sylow subgroups and Sylow’s theorems plays a central role in modern algebra due to their
importance and wide-ranging applications. A homomorphism helps us compare two groups while keeping
their structure, and its kernel explains how quotient groups are formed. Maximal subgroups show the
“largest” proper subgroups inside a group, while solvable groups are useful in finding out whether
polynomial equations can be solved by radicals in Galois theory. The Jordan—Hdlder theorem tells us that
when we break down a finite group step by step, the simple building blocks are always the same. p-Sylow
subgroups and Sylow’s theorems help us study the existence and properties of subgroups whose order is
a power of a prime number. All these ideas are not only central in pure mathematics but are also applied

in number theory, physics, and cryptography.

9.2  Objectives

After reading this unit the learner should be able to understand about the:

. Homomorphisms of Groups

. Kernel of a Homomorphism

" Fundamental theorem on Homomorphism of Groups

" Automorphisms of a group , Inner Automorphism

" Maximal Subgroups, Composition series of a group and Jordan-holder Theorem
. Solvable Groups and Direct Products

= p-Sylow Subgroup and Sylow’s Theorem
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9.3 Homomorphism of Groups

Homomorphism into

A mapping f from a group G into a group G’ is said to be homorphism of G into G’ if
fab)=f@)f(b) ¥ a beG.
Homomorphism onto

A mapping f from a group G onto a group G’ is said to be a homorphism of G onto G’ if
f(ab)="f(a)f(b)¥a beG.

Also then G’ is said to be a homomorphic image of G.

Endomorphism

A homomorphism of a group into itself is called an endomorphism.

Theorem.1: If fis a homomorphism of a group G into a group G', then

(i) f (e) =e', where e is the identity of G and e' is the identity of G'.

(i) f(a*)=[f(a)] *acG.

(iii) If the order of a G is finite, then the order of f(a) is a divisor of the order of a.

Proof: (i) Let aG.Then we have f(a)eG",

Now we have
f(a)e'=f(a) [ e'is the identity of G']

= f (ae) [--e is the identity of G]
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=f(a)f(e) [~ f is a homomorphism]
Now G’ is a group.

Hence f(a)e'=f(a)f(e)= e'="f(e).

(i) Let a be any element of G. Then we have a’'eG.

Now we have
e'=f(e)="f(aa')="f(a)f(a?).
Therefore f(a™)is the inverse of f (a)in the group G,

Thus we have
)l (@)
(iii) Let acGand 0(a)=m.
Now we have o(a)=m=a" =e.
f(a")=f(e)= f(aaa,,,,, mtimes)=e’
= f(a)f(a).....mtimes=e'=[f(a)] =e".

Hence, if n is the order of f (a) in G', then n must be a divisor of m.

Solved Examples

Example.1. Show that the mapping f of the symmetric group Pn onto the multiplicative group

G'={1,—1},defined by f(a)=1 or -1 according as & is an even or odd permutation in P,,is a

homomorphism of P, onto G".
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Sol. We know that the product of two permutations is even if both are even or both are odd, whereas the

product of one even and one odd permutation is odd. Now we shall show that
f(af)=f(a).f(B) ¥a, BeP,
(i) If a, B are both even, then we have
f(af)=1=11=f(a)f(p)

(ii) If a, B are both odd, then we have

f(af)=1=(-1)(-1)= f (a) f(8)
(iii) If @ isodd and fis even, then we have

F(ep)=-1=(-2)(1)= ()1 (5)
(iv) If o isevenand fis odd, then we have

fep)=-1=(1)(-1)=f(a) ()
Thus we have f (af)=f (a) f (B)*a, B P,
Also obviously f isonto G Hence f is a homomorphism of P,onto G"'.

Example.2: Let G be the group of all ordered pairs (a, b)of real number with the binary operation
denoted additively and defined by (a,b)+(c,d)=(a+c,b+d). Further let G' be the additive group
of all real numbers. Then the mapping f:G—G' defined by f (a,b)=a <~ (a,b)eG isa

homomorphism of G onto G'.

Solution: It can be easily proved that G is a group with respect to the given binary operation. The ordered

pair (0, 0) is the identity element and the ordered pair (—a,—b) is the inverse of (&, b).
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Consider (a,b)and (c,d) be any two elements of G. Then using definition of f, we have
f(a,b)=a, f(c,d)=c.
Now we have f {(a,b)+(c,d)} = f(a+c,b+d)=a+c=f(ab)+f(c,d)

Also obviously f is onto G’ . Hence f is a homomorphism of G onto G'.

Example.3: Let G be a group and let e be the identity element of G. Then the mapping f:G—>G

defined by f(a)=e*aeG isan endomorphism of G.
Solution: Suppose a, b are any two elements of G.
Thenwe have f(a)=e, f(b)=e.
Now we have

f(ab)=e=ee="f(a)f(b)

Therefore f is a homomorphism of G into G. Hence f is an endomorphism of G.

9.4 Kernel of a Homomorphism

If f is a homomorphism of a group G into a group G, Then the set K of all those elements of G which are

mapped by f onto the identity e of G” is called the kernel of the homomorphism f.

Thus if f is a homomorphism of G into G, then K is the kernel of f if
K={xeG:f(x)=e', where e'is the identity of G'}.

Theorem.2: If f is a homomorphism of a group G into a group G'with kernel K,then K is a normal

subgroup of G.

Proof: Let f be a homomorphism of a group G into a group G” and e, € are the identities of G and G’

respectively. Let K be the kernel of f. Then K = {x eG:f (x) = e'} .
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Since f(e)=e’, therefore at least e € K . Therefore K is non empty.
Now let @,be K, then we have f(a)=e’", f(b)=e".
Now we have
f(ab?)=f(a)f(b*)="f(a){f(b)} =ee’=e.
ab™ e K.

Thus we have a,beK = abt eK.

Therefore K is a subgroup of G. Now to prove that K is normal in G. Let g be any element of G and k be

any element of K. Then we have f(k)=e".
Now we have
f(gkg™?)=1(g)f(k)f(g™)="F(a)e[f(9)] =f(a)[f(a)] =e
gkg *eK.
Therefore g e G, K e K=gkg e K .

Hence K is a normal subgroup of G.

9.5 Fundamental theorem on Homomorphism of Groups

The Fundamental Theorem of Homomorphism is significant as it creates a strong link between
homomorphism, normal subgroups, quotient groups, and isomorphisms. It demonstrates that every
homomorphic image of a group can be viewed as a quotient of the original group by its kernel, thereby
making the study of group structures more manageable. The theorem has extensive applications: in
number theory, it forms the basis of modular arithmetic and congruences; in linear algebra, it leads to the
rank—nullity theorem; in Galois theory, it provides insight into field extensions; and in geometry and
physics, it aids in the study of symmetry and structural properties. Moreover, it plays an important role in

computer science and cryptography, where modular groups are essential. Owing to its unifying role and
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wide-ranging applications, the theorem is regarded as a fundamental result in both pure and applied
Mathematics.

Theorem.3: Every homomorphic image of a group G is isomorphic to some quotient group of G.

Proof: Let G be the homomorphic image of a group G and f be the corresponding homomorphism. Then
f is @ homomorphism of G onto G. Let K be the kernel of this homomorphism. Then K is a normal

subgroup of G. Now we shall prove that

G/K=G'

If aeG, then KaeG/Kand f(a)eG'. Consider the mapping ¢:G/K—>G'such that
¢(Ka)=f(a)¥aeG.

First we shall show that the mapping ¢ is well-defined i.e., if a,beG and Ka=Kb, then
¢(Ka)=¢(Kb).

We have Ka=Kb =ab™eK = f(ab™)=e' (identity of G”)
= f(a)f(bY)=e
= f(a)[f(0)] =e’
= T (@) f(b)]" 1 (b)=ef(b)
= f(a)e'=f(b)=f(a)=f(b)
= ¢(Ka)=4(Kb)
=, ¢ is well defined

¢ is one-one,
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we have ¢(Ka)=¢(Kb)= f(a)=f(b)

=f(a)[f(b)] =f(B)[f(b)] =f(a)f(b?)=e'=f(ab?)=e"

=ab'eK [~K is kernel]
= Ka=Kb.
". @ isone-one,

¢ isonto G'
Let Y be any element of G*. Then y = f (@)for some a e G because f is onto G’
Now KaeG/Kand we have ¢(Ka)=f(a)=y.
¢ isonto G
Finally we have ¢[ (Ka)(Kb)]=¢(Kab)= f (ab)
= f(a)f (b)=¢(Ka)g(Kb)

.. @ is an isomorphism of G/Konto G. Hence ~ G/K=G".

Solved Examples

Example.4: Let f be a homomorphism mapping of a group G into a group G’ Let f (G) be the

homomorphic image of Gin G. Then f (G) is a subgroup of G

Solution: We have f(G)={f (x):xeG}. Obviously f(b)=b"for some a,b € G.
Now we have

a'(b) " =f(a) f(b)] =f(a)f(b*)="f(ab*)ef(G)
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Since ab™ € G

Therefore, we have a',b'e f (G) = a'(b')" e f(G).

Hence f(G)isasubgroup of G'.

Example.5: Show that every homomorphic image of an abelian group is abelian and converse is not

true.

Solution: Let G be an abelian group. Let f be a homomorphic mapping of G onto a group G'. Then G’ is

a homomorphic image of G.

Let a',b" be any two elements of G*. Then we have f(a)=a', f(b)=b" for some a,b € G. Now we

have
a'b'="f(a)f(b)="f(ab) =f(ba)=f(b)f(a)=b'a"
Thus G "is abelian.

The converse is not true. P, is a non abelain group. A, is a normal subgroup of P,. The quotient group

P,/ A, is a homomorphic image of P,. Now P,/ A, is order 2 and is abelian.

Check your progress

Q.1. Explain the concept of homomorphism.
Q.2. Define kernel of homomorphism.
Q.3. What do you mean by Fundamental theorem on Homomorphism of Groups?

Q.4. Define endomorphism.

PGMM-106-MAMM-106/210



9.6 Automorphisms of a group

An isomorphic mapping of a group G onto itself is called an automorphism of G. Thus

f :G —™ 3G is an automorphism of G if

f (ab)= f (a) f (b) YabeG,

Solved Examples

Example.6. Show that the mapping f :1—>1 such that f(x)=-x “Xxel is an automorphism of

the additive group of integers I.

Solution: Obviously the mapping f is one-one onto.

Let x, X, be any two elements of I. Then we have
fx+%)=—(%+X,)
=(=x)+(=x,)

= f(x)+f(x,)
Hence f is an automorphism of |I.

Example.7: Show that f:G—G be such that f(X)=Xx"+xeG isan automorphism of a group G

iff G is abelian.

Solution: Let f:G—G besuchthat f (x)=Xx"xeG. The function f is one-one because
f(x)=f(y)=x"= y’l:>(x’1)71 :(y’l)f1 =Xx=y
Also if xeG, then X' € G and we have f (x)= (x‘l)_1 =X.

Hence f is onto.
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Now suppose G is abelian. Let a, b be any two elements of G.

Then we have
f (ab) =(ab)”
=b*a*=a'" [-Gis abelian |
=f(a)f(b)
Hence f is an automorphisms of G.

Conversely, suppose that f is an automorphism of G. Let a,beG.

Now we have

f (ab) =(ab)”

= f (ba).
Since f is one-one, therefore
f (ab) = f (ba)
= ab=ba
Hence G is abelian.

Theorem.4: The set of all automorphisms of a group forms a group with respect to composite of
functions as composition.
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Solution: Let A(G) be the set of all automorphim. Then to prove A(G) is a group, we prove the following
group axioms:

Closure property: Let f,ge A(G). Then f, g are one-one mapping of G onto itself. Therefore g f is

also a one-one mapping of G onto itself.

If a, b be any two elements of G, we have
(of )(ab)=g[ f (ab)]
=g[f(a)f(b)]
=g[f(a)]g[ f(b)]
=[(gf)(a)][(gf )(b)]
.. of isalso an automorphism of G.

Thus A(G)is closed with respect to composite composition.

Associative property: We know that composite of arbitrary mappings is associative. Therefore composite
of automorphisms is also associative.

Identity Property: The identity function | on G is also an automorphism of G. Obviously, | is one-one

and if a,beG then I (ab)=ab=1(a)l(b).
Thus | € A(G)and if feA(G), wehave If =f =1l

Inverse Property: Let f € A(G). Since f is a one-one mapping of G onto itselt, therefore f exists and

is also a one-one mapping of G onto itself. We shall show that f ™is also an automorphism of G. Let

a,be G. Then there exist a',b'e G such that

f'(a)=a'=f(a)=a
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f(b)=b'< f(b)=b
Now we have
f(ab)= [ f(a) f (b))
=17 (ab)]

. f tis an automorphism of G and thus
feAG)=f"eA(G).
Therefore each element of A(G ) possesses inverse.

Hence A(G) is a group with respect to composite composition.

9.7 Inner Automorphism

If G is a group, the mapping f, :G—G defined by
f,(x)=axa ¥xeG

is an automorphism of G known as inner automorphism. Also an automorphism which is not inner is

called an outer automorphism.

Theorem.5: Let a be a fixed element of a group G. Then the mapping f,:G—G defined by

f,(x)=a"xa ¥ xeG is an automorphism of G.

Proof: The mapping f,is one-one. Let X,y be any two elements of G. Then
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fa(x)=fa(¥)
= a'xa=a'vya
= X =Y, by cancellation laws
The mapping f, is also onto G. If y is any element of G, then aya ™ e G and we have
f,(aya?)=a"(aya)a=y
- f, isonto G.

Finally if xyeG then f,(xy)=a'(xy)a=(a'xa)(a’ya)=",(x)f,(y). Hence f,is an

automorphism of G.

9.8 Maximal Subgroups

A normal subgroup H of a group G is said to be maximal if there exists no proper subgroup K of G which

properly contains H.

Thus a normal subgroup H of a group G is maximal if and only if there exists no normal subgroup K of G

such that H cK <G, where the symbol < stands for proper inclusion.

Theorem.6: A normal subgroup H of G is maximal if and only if the quotient group G/H is simple.

Proof: Suppose H is maximal and G/H is not simple (a group is said to be simple if it possesses no proper
normal sub-groups). Let K/H be a proper normal subgroup of G/H. Then K will be a normal subgroup of

G containing H. Since K/H is a proper subgroup of G/H, Therefore H cK <G . Thus K is a normal

subgroup of G and H cK c G . Therefore H is not maximal. This contradicts the hypothesis that H is

maximal in G. Hence G/H must be simple.

Conversely, let G / H be simple and let H be not maximal, Since H is not maximal, therefore there exists

a normal subgroup K of G such that HcK cG. Then K / H is a normal subgroup of G / H. Since

H < K c G, therefore K/H is a proper normal subgroup of G/H i.e., neither K/H is equal to the entire
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group G/H nor K/H is equal to the identity subgroup H/H. Consequently G/H is not simple. This
contradicts the hypothesis that G/H is simple.

Hence H must be maximal in G.

9.9 Composition series of a group and Jordan-Holder Theorem

Let G be a group. Then a finite sequence of its subgroups
G=H, H, H,....H ={e} ... (1)

is called a composition series for G if each Hj except Hi is a maximal normal subgroup of Hi.1.

The quotient groups G/Hi, Ho/Hs,............. Hn-1/Hn which are necessarily simple are then called

composition factor groups or composition quotient groups of the composition series (1).

Example.l: Let G = R, ={1,(12),(23),(31),(123),(132)} and let H, ={1,(123),(132)}.Then G,

Hz, {1}is a composition series for G. Obviously Hz is a maximal normal subgroup of G and {l}is a

maximal normal subgroup of Ho.

Example.2: Let G be acyclic group of order 6 generated by ai.e., let G = {a, a‘,a®,a* a®,a® = e}

. Then we have G,H, ={e,a’},{e}and G,N, ={e,a’,a"},{e} are two different composition

series for G.

Example.3: Let G be a cyclic group {} of order 12 generated by a. Then {a},{a*},{a*},{e}and

{a},{a®},{a"},{e} are two different composition series for G.

Theorem.7: There exists at least one composition series for every finite group G.

Proof: We have to prove the theorem by mathematical induction on order of finite group G and let us

assume that the theorem is true for each group of order < order of G.
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Case 1. If G is simple, then G, {e} is a composition series for G.

Case Il. Suppose G is not simple. Then there exists a proper normal subgroup H of G. If H is maximal

in G and {e} is maximal in H, then G, H,{e} is a composition series.

Supoose H is not maximal in G but {e} is maximal in H. Then Three exists a normal subgroup K of G

such that G > K o H . If K is maximal in G and H is maximal in K then G, K, H, {e} is composition series.

Now suppose that H is maximal in G but {e} is not maximal in H, Then there exists a normal subgroup J

of H such that

H>Jo{e}.
If {e} is maximal in J and J is maximal in H, Then G, H, J, {e} is a composition series.

Next suppose that H is not maximal in G and e is not maximal in H than there exists a normal subgroup

L of G such that G > L > H . Also there exists a normal subgroup N of H such that; H > N > {e}. Thus
GoLoHSN{e}. If Lis maximal in G, H is maximal in L, N is maximal in H and {e} is maximal

in N then G, L, H, N, {e} is a composition series.

Since G is finite, there are only a finite number of subgroups and ultimately we must reach a composition

series.

Theorem.8: (Jordan-Holder Theorem) Let G be a finite group with two composition series
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And G/K, K /Ky K

are abstractly identity i.e,. they can be put into one-one correspondence such that the corresponding

quotient groups are isomorphic.

Proof: We Shall prove that theorem by the method of induction on the order of the group G. Assuming
that the theorem is true for all groups of order less than that of G, we shall prove it is also true for G. We
need not worry about starting the induction because the theorem is obviously true for any group of order

one.
Now two cases aries:

Case 1: When H, = K_, in this case after removing G from (1) and (2), we get the remaining series as two
composition series for H,.But the order of H,is less than that of G because H, is a proper normal
subgroup of G. Therefore by our induction hypothesis, the theorem is true for H,. Since G/H,=G/K_,

therefore the theorem will remain true if we replace G in each of the series (1) and (2).

Case 2:When H, # K, by the third law of isomorphism, we have H,K,/H, =K,/ H, NK,,
and H,K, /K, =zH,/H NK,

Also H,K; is a normal subgroup of G containing Hi. Since Hi is maximal in G, therefore we must have

HK, =G
G/H,=K,/D where D=H,NK,
And G/K,=H,/D

Now H, is maximal in G implies that G/ H, is simple. Therefore K, /D is simple and this implies that D

is a maximal normal subgroup of K;. Similarly D is a maximal normal subgroup of H,.
Let D,D,,D,,....,D, ={e}

be a composition series for D. Then
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G,H,D,D,D,...D={e} . 3)

and G.K,,D,D,D,,...D,;={e¢ . 4)

are two composition series for G. Let us write the composition quotient groups of (3) and (4) in the order

G/H, H,/D,D/D,D,/D,,...,D,_/D, s (3)
And K,/D,G/KD/D,D/D,,...,D,/D, ... (6)

The quotient groups in (5) and (6) are equal in number and the corresponding quotient groups are
isomorphic i.e., G/H; and K1/D, H1/D and G/K1, D/D1 and D/Ds.,,....., are isomorphic.

Now (1) and (3) are two composition series for G each having H: in the second place. Therefore
by case 1, the quotient groups defined by (1) and (3) may be put into one-one correspondence so that the
corresponding quotient groups are isomorphic. Similarly the quotient groups defined by (2) and (4) may

be put into one-one correspondence so that the corresponding quotient groups are isomorphic.

Hence the quotient groups defined by (1) and (2) are equal in number and are isomorphic in some
order because the relation of isomorphism in the set of all groups is an equivalence relation. This complete
the proof of the theorem.

Check your progress

Q.1. Explain the concept of automorphism of a group.
Q.2. Define maximal subgroups.

Q.3. What do you mean by inner automorphism?
Q.4. What is the composition series of a group?

Q.R. Sate the Jordan-Holder theorem.
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9.10 Solvable Groups

A group G is said to be solvable if we can find a finite chain of subgroups

Such that each N; is a normal subgroup of N, and each quotient group N, /N, is abelain. The above

series, then is referred to as a solvable series for G.
Subnormal series of a group

A finite sequence of subgroups
G=G,2G,2G,>...2G,=(e)

of a group G is called a subnormal series of G if Gi+1 is a normal subgroup of

G, ~i1=0,1,....,k —1. The quotient groups G, /G,,, are called the factor groups of the subnormal

i+1
series. Further if each G; is a normal subgroup of G itself, then the series is said to be a normal series of
G.

Solved Examples

Example.8: Show that every abelian group is solvable.

Solution: Let G be an abelian group. Take N, =G and N, = (e) is a normal subgroup of No = G because

if a is any element of G, then a’ea = ala=e€(e).

Further since G is abelian, the quotient group N, /N, :G/(e) is also abelian. Hence G is a solvable
group.

Note that every quotient group of an abelian group is abelian.

Example.9: Show that the symmetric group P3 of degree 3 is solvable.
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Solution: The symmetric group Ps consists of the six permutations | (identity permutation), (1, 2), (2 3),

(3 1), (123)and (132) on three symbols 1, 2, 3. Let Agz{l (123),(13 2)} on three symbols 1, 2, 3.

Then A,is the alternating group of permutations of degree 3. If we take
N, =P, N, =A;, and N2 :(I)
then P,=N,2N;oN,=(I)

is a solvable series for Pz as shown below:

we know that a An is a normal subgroup of Pn. Therefore Az = N1 is a normal subgroup of Ps=No. Also (1)
is a normal subgroup of N1. The quotient groups Ps/N1 and N1/(l) are of orders 2 and 3 respectively. We

know that all groups of order 2 and 3 are abelian. Therefore the quotient groups Pa/N1 and Ni/(l) are

abelian. Hence Ps=No2 N, © N, =(1) is a solvable series for P3 and thus Ps is solvable.

9.11 Direct Products

Let G1 and G2 be any two groups and the composition in each group is being denoted by multiplicatively.
Then

Gi1xG, :{(gl,gz): 9,€G,, 0, EGZ}

Let us define a binary operation on G, x G, denoted multiplicatively as follows:

(0:,9,)(h.h,)=(g;h,9,h, ) where g,,h eGand g,,h, €G,. For this binary operation

G, xG, is a group and this group is called the external direct product of G, by G, .

To prove G, xG,is a group for the binary operation we have defined on it, we prove Group Axioms as

follows:

1. Closure property: We have g¢,h G, because G, is a group. Similarly g,h, €G,.Thus

(91’gz)(hvhz):(glhl’gzhz)eelxez
2. Associativity: If (9,,9,)(h.h,), (k. k,)eG, xG,, then
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[(91: gz)(hl' hz)](kpkz) :(glhl' gzhz)(klikz) :([glhl]kl’[gth]kZ)

z(gl[hlkl]' 9 [h2k2])=(g1’ gz)(hlkl’hzkz):(gligz)[(hl’hZ)(kllkZ)]

3. Existence of left identity: Let e ,e,be a identity elements of Gi, Gz respectively. If

(9,,9,)€G,xG,, then (&,,&,)(9:.9,)=(€9,.6,9,)=(09,,9,) . Therefore (e, e, )is the left identity
of G, xG,

4. Existence of left inverse: Let (0;,9,) € G, xG,. Then we have (g,",9,") € G, G,

Also we have (gl‘l,gz‘l)(gl,92)2(9{191,92_192)2(61,62)-
Therefore (g, ", 9,")is the left inverse of (9,,9,)in G,xG,.

Hence G, xG, is a group under the binary operation as defined above.

Theorem.9: If G1 and Gz are groups, then the subsets Glx{ez}and {el}xG2 of G,xG, are normal

subgroups of G, xG, isomorphic to G,and G, respectively.
Proof: Let (9,,€,) and (h;, e, ) be any two elements of G, x{e, | where ga, h1c G1

Then (gl,ez)(hl,ez)_l:(gl,ez)(hl‘l,egl):(gl,ez)(hfl,ez) =(gh"ee)=(ah"e,)
Now g,h* € G because G, is a group.

(glhl‘l, e2) G, x{e,}.

Hence Gi x{e,}is normal in G,xG, Now to show that G,x{e,}is normal subgroup of G,xG,. Let

(%, X, ) be any element of G,xG,and (9,,€, ) be any element of G, x{e, }

-1

Then (x,%,)(9,.8)(X. %) =(X, xz)(gl,ez)(x{l, xgl) = (xlglx1‘1, xzezxgl)

= (xlglxl‘l, e2) e G, x{e, } because xg,x" G,
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:.G,x{e,} is normal in G,xG, .
Now to show that G, =G, x{e,} Let ¢:G, — G, x{e,} defined by

¢(gl):(glie2)\¢/gl EGl

Obviously ¢is one-one. Also if g,,h, € G,, then

¢(glhl):(glhl’ez):(gl’eZ)(hl’eZ):¢(gl)¢(h1)
o G, =G x{e,}

Similarly we can show that {el} x G, is a normal subgroup of G, xG, and is isomorphic to G,.

9.12 p-Sylow Subgroup and Sylow’s Theorem

p-Sylow Subgroup

Suppose G is a finite group and o(G) = p™n where p is a prime number and p is not a divisor of n. Then a

subgroup H of G is said to be a p-sylow subgroup of G iff o(H) =p™.

Theorem.10: (Sylow’s theorem) Suppose G is a group of finite order and p is a prime number. If

m

p™ |o(G)and p™is not a divisor of o (G) then G has a subgroup of order p".

Proof: We shall prove the theorem by induction on o(G).

Assuming that the theorem is true for groups of order less than that of G, we shall show that it is also true

for G. To start the induction we see that the theorem is obviously true if o(G)=1.
Let o(G)= p™nwhere p is not a divisor of n.

If m=0, the theorem is obviously true. If m =1, the theorem is true by cauchy’s theorem.

So let m>1.Then G is a group of composite order and so G must posses a subgroup H such that H #G.
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0(G)
o(H)

o(G)
o(H)

If p is not a divisor of ,then p™ | o(H) because 0(G) = p™n = o(H) x
Also p™*cannot be a divisor of o(H ) because then p™*will be a divisor of o(G)of which o(H)is a
divisor. Further o(H) < o(G). Therefore by our induction hypothesis, the theorem is true for H. Therefore

H has a subgroup of order p™ and this will also be a subgroup of G. So let us assume that for every

o(G)
o(H)

subgroup H of G where H #G, p is a divisor of

Consider the class equation

o(G):o(Z)+a;% .......

o(G
Since a¢Z = N (a)+ G, therefore according to our assumption p is a divisor of Zﬁ Also
a¢’Z

plo(G).

Therefore from (1), we conclude that p is a divisor of o(Z). Then by Cauchy’s theorem, Z has an element
b of order p and Z is the centre of G. Also N = {b} is a cyclic subgroup of Z of order p. Therefore N is a

cyclic subgroup of G is order p. Since b € Z, therefore N is normal subgroup of G of order p.

Now consider the quotient group G'=G/N. We have o(G')=0(G)/0o(N)=p"n/p=p™*n. Thus
0(G')<0(G).Also p™*|o(G")but p™is nota divisor of o(G"). Therefore by our induction hypothesis

G’ has a subgroup, say S of order p™. We know that the natural mapping ¢:G — G/ N defined by
#(x) = Nx~ x € G is a homomorphism of G onto G/N with kernel N, Let S ={xeG:¢(x)eS'}.

Then S is a subgroupofGand S'=S/N .

. o(8%)=o(s/N)=2)

o(N)

m

Therefore 0(S)=0(S"')o(N)=p"'p=p
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Hence S is a subgroup of G of order p™.

Solved Examples

Example.10: If H is a p-sylow subgroup of G and x € G, then x™* Hxis also a p-sylow subgroup of G.

Solution: Suppose G is a finite group and o(G) = p"nwhere p is a prime number and p is not a divisor of

n. If H is a p-sylow subgroup of G, then o(H )= p".

Let x e Gbe arbitrary. Then x™* Hxwill be a p—sylowsub-group of G if x* Hxis subgroup of G and if

o(x’le): p". First we shall prove that x™ HX js a subgroup of G-

Then for h,, h, e H we have

(x‘lhlx)(x‘lhzx)_l = x""hxx*h; 1(x‘1)_1 =x"heh'x = x*hh;*x € x *Hxsince hh;'eH ,
H being a subgroup of G. .. x™* Hxis a subgroup of G.

Now let i be a mapping from H into x™* Hxdefined as y (h)=x"hx~*heH.y is onto. Let x"*hx be

any element of x*Hx.Then h e H and we have y (h)= x"hx . Therefore w is onto.
y is one-one. Let h,h, e H. Then v (h)=y(h,)=x"hx—x"'h,x = h =h, = is one-one.

Thus w is a one-to-one correspondence between the elements of H and the elements of x'Hx. Therefore
o(x*Hx)=0(H)=p™. Hence x*Hxis a p-sylow subgroup of G.
Example.11: If a group G has only one p-sylow subgroup H, then H is normal in G.

Solution: Suppose a group G has only one p-sylow subgroup H. Let x be any element of G. Then by
previous exercise, x 'Hxis also a p-sylow subgroup of G. But H is the only p-sylow sub-group of G.

Therefore x '"Hx=H ~+x e G=>H is a normal subgroup of G.
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9.13 Summary

A mapping f from a group G into a group G’ is said to be homorphism of G into G’ if
fab)y=f(a)f(b) ¥ a beG
A homomorphism of a group into itself is called an endomorphism.

If f is a homomorphism of a group G into a group G’, Then the set K of all those elements of G which are
mapped by f onto the identity e of G’ is called the kernel of the homomorphism f.

Every homomorphic image of a G is isomorphic to some guotient group G.

An isomorphic mapping of a group G onto itself is called an automorphism of G. Thus

onto

f :G ———> G is an automorphism of G if
f(ab)=f(a)f(b) ¥abeG.

If G is a group, the mapping f, :G—G defined by
f,(x)=a'xa ¥*xeG

is an automorphism of G known as inner automorphism. Also an automorphism which is not inner is

called an outer automorphism.

A normal subgroup H of a group G is said to be maximal if there exists no proper subgroup K of G which

properly contains H.

Let G be a group. Then a finite sequence of its subgroups

is called a composition series for G if each Hj except Hz is a maximal normal subgroup of Hi.1.

The quotient groups G/H1, Ha/Hs,...... Hn-1/Hn which are necessarily simple are then called composition

factor groups or composition quotient groups of the composition series (1).
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(Jordan-holder Theorem) Let G be a finite group with two composition series

and G K. Ky Ky =feb L (2)

Then N=mand the two corresponding series of composition quotient groups, viz.,

G/H, H,/H,...H ,/H ~—and G/K, K /Ky ...K_

n

are abstractly identity i.e, they can be put into one-one correspondence such that the corresponding

quotient groups are isomorphic.

A group G is said to be solvable if we can find a finite chain of subgroups

Such that each N; is a normal subgroup of N, and each quotient group N, /N, is abelain. The above

series, then is referred to as a solvable series for G.
Let G1 and G2 be any two groups the composition in each being denoted multiplicatively. Then
GlXGz = {(gl' gz): g EGl’ g, € Gz}

Suppose G is a finite group and o(G) = p™n where p is a prime number and p is not a divisor of n. Then a
subgroup H of G is said to be a p-sylow subgroup of G iff o(H) =p™.

(Sylow’s theorem) Suppose G is a group of finite order and p is a prime number. If p™|o(G)and p"*is

not a divisor of o (G) then G has a subgroup of order p".

9.14 Terminal Questions

Q.1. Explain the concept of homomorphism with example.
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Q.2. What do you mean by kernel of a homomorphism?

Q.3. State and prove the Fundamental theorem on Homomorphism of Groups.
Q.4. Define automorphisms of a group.

Q.5. What do you mean by inner automorphism?

Q.6. Define Maximal subgroups.

Q.7. Explain the Composition series of a group.

Q.8. State and prove the Jordan-holder Theorem.

Q.9. Define the solvable groups.

Q.10. Sate and prove the Sylow’s Theorem.

Q.11. Explain the concept of p-sylow subgroup.
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Block-4

Rings and Field Theory

The idea of a ring came about in the late 1800s and early 1900s. Mathematicians wanted to extend the
rules of arithmetic we know for whole numbers and polynomials. The term ring was first used by David
Hilbert around 1890 when he was studying number fields. Later, Emmy Noether made important
contributions by giving a clear and general definition of rings and studying their properties. Because of

her work, ring theory became an important part of modern algebra.

The concept of an ideal was introduced earlier by Richard Dedekind in 1871. He created ideals to help
solve problems in number theory, especially when unique factorization of numbers did not hold in some
number systems. By grouping certain elements together into ideals, he was able to recover unique
factorization in a new way. Over time, rings and ideals became key ideas in many areas of Mathematics,
like number theory and algebraic geometry. Today ring theory is a basic topic studied in higher

Mathematics and has many uses.

In the tenth unit, we shall discuss about the Rings, elementary properties of a ring, ring with or without
zero divisors, integral domain, field, subrings and subfields. Eleventh unit introduced the concept of
ideals, principal ideal, divisibility in an integral domain, greatest common divisor, polynomials rings,
unique factorization domain and remainder theorem, Quotient rings, homomorphism on rings, kernel of a

ring homomorphism, maximal ideals, prime ideals and Euclidean rings.
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UNIT- 10: Rings

Structure

10.1  Introduction

10.2  Objectives

10.3 Ring

10.4 Ring with Unity

10.5 Commutative Ring

10.6  Elementary Properties of a Ring
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10.13 Summary
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10.1 Introduction

The idea of a ring in math began in the late 1800s and early 1900s. At that time, Mathematicians wanted
to understand and work with different kinds of numbers. Rings were first found when studying whole
numbers and polynomials. Later, great mathematicians like Dedekind, Hilbert, and Noether clearly
showed what a ring means. A ring is a set of elements where you can do addition and multiplication,
following certain rules. Rings are very useful in many parts of math like number theory and geometry,
where they help solve problems and study shapes. In computer science, rings are used in coding and
cryptography to keep data safe. In physics, rings help describe patterns and systems, especially in quantum
mechanics. Because they are used in so many areas, rings are an important part of both pure and applied
Mathematics. So far, we have learned about the groups, which use one operation. Now, we will learn

about the rings, which use two operations.

10.2 Objectives

After studying this unit the learner will be able to understand the :

" Ring and Ring with unity

" Commutative ring and elementary properties of a ring
. Ring with or without zero divisors

. Integral domains, field

. Division ring or skew field

. Subrings and subfields

10.3 Ring

Consider R is a non-empty set with operations (addition and multiplication) and denoted by ‘+* and °.

respectively i.e., forall a,b Rwehave a+b R and abeR.
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Then this algebraic structure (R, +, ) is known as a ring if the following properties are satisfied:
1. Addition is associative, i.e., (a+b)+c=a+(b+c) ~ab,ceR.

2. Addition is commutative, i.e., a+b=b+a ~a,beR.

3. There exists an element denoted by 0 in R such that 0+a=a ~acR.

4. To each element a in R there exists an element —a in R such that (—a)+ a=0.

5. Multiplication is associative, i.e., a.(b.c)=(ab).c ~a,b,ceR.
6. Multiplication is distributive with respect to addition, i.e., forall a,b,cinR,

a.(b+c)=ab+ac Left distributive law
and (b+c)a=b.a+ca Right distributive law

Since addition is commutative in R, therefore we shall have 0 e R such that
O+a=a=a+0xwaek
Also if a e R,then we shall have (—a)+a=0=a+(-a).

Thus, R forms an abelian group under addition. The element that acts as the additive identity is called the
zero element of the ring. Since the identity element in a group is always unique, every ring has exactly
one zero element, which serves as the identity for addition. We will always represent this element by the
symbol 0.

10.4 Ring with Unity

Ifinaring R there exists an element denoted by 1 such that 1.a=a =a.1 ~a e R, then R iscalled a

ring with unity element. The element 1€ R is known as the unity element of the ring. Obviously 1 is the

multiplicative identity of R.Thus if a ring possesses multiplicative identity, then it is a ring with unity.
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10.5 Commutative Ring

Ifinaring R, the multiplication composition is also commutative i.e., if we have ab=b.a -+a,beR,

then R is known as a commutative ring.

Note. Here we shall write ab in the place of a.b.

10.6 Elementary Properties of a Ring

Theorem.1. If R isaring, then forall a,b,c € R, we have

() a0=0a=0.
(i) a(-b) =—(ab) =(-a)b.
(iii) (-a)(~b) = ab.

(iv) a(b—c)=ab—ac.

) (b—c)a=ba—ca.

Proof. (i) We have

a0 =a(0+0) [+ 0+0=0]
=a0+a0. [by left distributive law]
Thus we have O+ a0 = a0+ a0. [~ a0eRand 0+a0=a0]

Now R is a group with respect to addition, therefore applying right cancellation law for addition in R,

we get 0=a0.

Similarly, we have
0a=(0+0)a
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=0a+0a [by right distributive law]

Thus we have 0+ 0a =0a + Oa. [~ 0+0a=0a]

Applying right cancellation law for addition in R, we get

O =Oa.
(i) We have a[ (—b)+b | =a0 [-—b+b=0]
= a(-b)+ab=0 [By using left distributive law and the result (i)]
= a(-b)=—(ab),

Sinceinaring a+b=0
= a=-h.

Similarly, we have

(—a+a)b=0b
=3 (—a)b+ab=0
=3 (—a)b=—(ab),

Sinceinaring a+b=0

= a=-b.

(iii) We have (—a)(—b)=—[(-a)b], since a(—b)=—(ab)
=—[—(ab)], since (—a)b=—(ab)
= ab,
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Since Ris a group with respect to addition and in a group we have
-(-a)=a

(iv) We have a(b—c)=a[b+(—c)]
=ab+a(—c) [left distributive law]
~ab+[~(ac)] [+ a-c)=~(a0)]
=ab—ac.

(v) We have (b—c)a=[b+(—c)]a
=ba+(—c)a [right distributive law]

=ba+[—(ca)]

=ba—ca

Solved Examples

Example.1. The set M of all nxn matrices with their elements as real numbers (rational numbers,
complex numbers, integers) is a non-commutative ring with unity, with respect to addition and

multiplication of matrices as the two ring compositions.

Sol. We know that the sum and product of two Nnxn matrices with their elements as real numbers are
again nxn matrices with their elements as real numbers. Therefore M is closed with respect to addition

and multiplication of matrices.

Further we observe that

(i) A+(B+C)=(A+B)+C - AB,CeM,since the addition of matrices is an associative

composition.
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(i) A+B=B+A ~ A B e M,since the addition of matrices is commutative.

(iii) If Ois the null matrix of the type nxn, then O € M and we have

O+A=A ~~AceM.

(iv) To each matrix A e M there exists a matrix —A€ M such that (—A)+ A =0 (null matrix).
(v) (AB)C = A(BC), ~ A B,C e M,since multiplication of matrices is associative.

(vi)A(B+C)=AB+AC,and (B+C)A=BA+CA ~AB,CeM, since matrix multiplication is

distributive with respect to matrix addition.

Here M is a ring with respect to the given compositions. The null matrix O of the type nxn is the zero

element of this ring i.e., O=0.

Since the multiplication of matrices is not in general commutative, therefore the ring is a non-commutative

ring. [n>1]
Finally if | be the unit matrix of the type nxn, then | € M and we have
IA=A=Al ~AeM.

Therefore the matrix | is the multiplicative identity.

Thus the ring is with unity and the matrix | is the unity element of the ring i.e., | =1.

Example.2. To show that the set R ={0,1,2,3,4,5} is acommutative ring with respect to '+, '

and %, "as the two ring compositions.
Sol. As we have proved in groups, we should first prove that R is an abelian group with respect to "+ '

Now we form the composition table for R for the composition x;.
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x] 001 2 3 45
o 0o 0o 00 0O
1101 2 3 45
2|0 2 40 2 4
310 3030 3
410 4 2 0 4 2
510 5 43 21

From the composition table we see that R is closed with respect to the composition %, . Also

we know that <, 'is an associative composition in R i.e.,
axs(bx;c)=(axsb)x,c ~ab,ceR.
Further % "is distributive in R with respect to +".If &, b, C are any elements of R, then
axg (b+sc)=axg(b+c) [ axsb=(mod 6) ]
= least non-negative remainder when a(b+c) is divided by 6
= least non-negative remainder when ab+ac is divided by 6
=(ab)+ (ac)=(ax, b)+,(ac) [--ax;b=ab(mod 6) ]
= (axsb)+s (axgC) [ ax,c=ac(mod 6) |
Similarly, we can prove that (b+¢ €)xs a=(bxga)+s(cxsa).

Thus R is a ring with respect to the given compositions. Since ' is a commutative composition in R
as is clear from the composition table also, therefore R is a commutative ring. Also 1 is the identity

element for the composition x; .

Therefore R is a ring with unity. The integer 0 is the zero element of this ring.
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10.7 Rings with or without zero divisors

A non-zero element a of aring R is called a zero divisor or a divisor of zero if there exists an element

b#0 € R such that either ab=0 or ba = 0.

A ring Ris without zero divisors if the product of no two non-zero elements of Ris zero i.e., if

ab=0—a=0o0rb=0.
On the other hand if in aring R there exist non-zero elements a and b such that

then R issaid to be a ring with zero divisors.

Note: 1. Cancellation laws in a ring. If Ris a ring then R is an abelian group with respect to addition.
For addition composition the cancellation laws hold in all rings. Therefore the question of cancellation
laws holding or not in a ring arises only for the multiplication composition.

We say that cancellation laws hold in a ring R if a==0,ab=ac—=b =cand a=0,

ba=ca—b=cwhere a, b,ceR.

2. Thering ({O 12,3, 4, 5} , Foo ><6) is a ring with zero divisors. We have 2x,3=0, 3x,4=0

i.e., the product of two non-zero elements is equal to the zero element of the ring.

Theorem.2. A ring R is without zero divisors if and only if the cancellation laws hold in Ri.e., R

is without zero divisors <> cancellation laws hold in R.

Proof. First suppose that R has no zero divisors. Let a, b, c be any three elements of R such that

a=0,ab=ac.
We have ab=ac =ab—-ac=0=a(b—c)=0.
Since R is without zero divisors, therefore we have

a(b-c)=0and a=0
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= b-c=0ie, b=c.

Thus the left cancellation law holds in R.

Similarly, we can show that the right cancellation law holds in R.

Conversely suppose that the cancellation laws in hold in R. If possible consider
ab=0,a=0,b=0.

Then we have ab = a0, since ab = a0,

Now a = 0, ab = a0 — b = Oby left cancellation law.

Thus we get a contradiction.

Hence R is without zero divisors.

Check your Progress

Q.1. What do you mean by ring theory?
Q.2. Explain the ring with unity.
Q.3. Define commutative ring.

Q.4. The set 21 of all even integers is a commutative ring without unity, addition and multiplication of

integers being the two ring compositions.

Q.5. The set Q of all rational numbers is a commutative ring with unity, the addition and multiplication of

rational numbers being the two ring compositions.

Q,6. The set R of all real numbers is a commutative ring with unity, the addition and multiplication of real

numbers being the two ring compositions.

Q.7. The set C of all complex numbers is a commutative ring with unity, the addition and multiplication

of complex numbers being the two ring compositions.
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10.8 Integral Domain

A ring is known as an integral domain if it (i) it is commutative (ii) it has unit element, and (iii) it is

without zero divisor.

Note: 1. Inversible elements in a ring with unity. In a ring every element possesses additive inverse.
Therefore the question of an element being Inversible or not arises only with respect to multiplication. If

R is a ring with unity, then an element a <R is known as Inversible, if there exists b € R such that

ab =1=Dba. Also then we write b=a"".
2. 1 and -1 are the only two Inversible elements of the ring of all integers.

3. nxn non-singular matrices with real numbers as elements are the only Inversible elements of the ring

of all nxn matrices with elements as real numbers.

10.9 Field

Aring R with at least two elements is called a field if it (i) is commutative, (ii) has unity,

(iii) is such that each non-zero element possesses multiplicative inverse.

For example, the ring of rational numbers (Q, +, ) is a field since it is a commutative ring with unity

and each non-zero element is Inversible.

Note.1. The rings of real numbers and complex numbers are also examples of fields.

2. As an example of a finite field we have the ring ({O 1,2,3,4}, +, ><5).

3. If a, 0 s= b are elements of a field F, then we shall often write ab™ = % =b™a. Inafield F,

we have

S = (ab ) (cd ) = (b) (b (ab) +(ed )]
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B . B 1 ad+bc
_ (bd) [(bd)(ab) +(bd)(cd )]:(ad+bc)(bd) =

[Note that multiplication of F is commutative].

Also we have %% =(ab™)(cd™*)=(ac)(b*d*)=(ac)(bd )= %.

10.10 Division Ring or Skew Field

A ring R with at least two elements is called a division ring or a skew field if it (i) has unity, (ii) is such
that each non-zero element possesses multiplicative inverse. Thus a commutative division ring is a skew
field.

Note:1. Every field is also a division ring. But a division ring is a field if it is also commutative.

2. For a field unity and zero are distinct elements i.e., 1#0. Let a be any non-zero element of a field.
Then aexists and is also non-zero. For, a ' =0=>aa '=a0=1=0 =al=a0=a =0

which is a contradiction. Now a field has no zero divisors. Therefore 1=a*a = 0.

3. A field has no zero divisors. Therefore in a field the product of two non-zero elements will again be a
non-zero element. Also the unit element 1= 0and each non-zero element possesses multiplicative inverse
which is a again a non-zero element. The multiplication is commutative as well as associative. Therefore

the non-zero elements of a field form an abelian group with respect to multiplication.
Theorem.3. Every field is an integral domain.

Proof. Since a field F is a commutative ring with unity, therefore in order to show that every field is an

integral domain we should show that a field has no zero divisors.

Let a,b be elements of F with a0 such that ab=0.
Since a=0,a exists and we have

ab=0:>a‘l(ab)za‘10:>(a‘1a)b:0:>]b:0 [ a‘lazl]
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—b=0. [1b=b]
Similarly, let ab=0and b =0.

Since b = 0,b exists and we have
ab=0=(ab)b*=0b"=a(bb*)=0=al=0=a=0.

Thus in a field ab =0 = a =0or b =0.Therefore a field has no zero divisors. Therefore every field is

an integral domain.

But the converse in not true i.e., every integral domain is not a field. For example the ring of integers is
an integral domain and it is not a field. The only Inversible elements of the ring of integers are 1 and -1.

Theorem.4. A sfield (skew-field) had no divisors of zero.

Proof. Let D be a skew —field. Then D is a ring with unit element 1 and each non-zero element of D

possesses multiplicative inverse.

Let a,b be elements of D with a = 0such that ab =0.

Since a=0,a ‘exists and we have

ab=0
= a'(ab)=a"0
= (ata)b=0
= Ib=0
= b=0

Similarly, suppose ab =0with b = 0.

Since b = 0,b ™ exists and we have
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ab=0

(ab)b™=0b™
a(bb™)=0
al=0

a=0.

UV

Therefore a skew-field has no zero divisors.

Theorem.5. A finite commutative ring without zero divisors is a field. or Every finite integral

domain is a field.

Proof. Let D be a finite commutative ring without zero divisors having nelements a,,a,,...,a,.In order

to prove that D is a field, we must produce an element 1€ D such that 1a =a -+ a e D. Also we show that

for every element a = 0 € D there exists an element b € D such that ba =1.
Let a=0eD. Consider the n products aa,,aa,,...,aa,.
All these are elements of D. Also they are distinct.

For suppose that aa, = aa; for i = j.

Then we have a(ai—aj):O. (1)

Since D is without zero divisors and a # 0, therefore equation (1) implies
a —a; =0=a, =a,, contradicting i = j.

s.aa,,aa,,...,aq, are all the n distinct elements of D placed in some order. So one of these

elements will be equal to a. Thus there exists an element, say 1€ D such that

al=a=1a. [ D is commutative]

We shall show that this element 1 is the multiplicative identity of D . Let Yy be any arbitrary element of

D . Then from the above discussion for some x € D, we shall have
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ax=y=xa.

Now we have
1y =1(ax) [-ax=y]
= (1a)x = ax [1a=a]
=y [ax=Yy]
=vyl [ D is commutative]

Thus 1y =y =1yl, -~+y e D. Therefore 1 isthe unit element i.e., the multiplicative identity of the ring

D.

Now 1€ D.Therefore from the above discussion one of the n products aa,, aa,, ..., aa, will be equal

to 1. Thus there exists an element, say, b € D such that
ab=1=ha.

. bis the multiplicative inverse of the non-zero element a e D. Thus every non-zero element of D is

Inversible.

Hence D is a field.

Solved Examples

Example.3. Prove that if a,b € R then (a+b)2 =a’+ab+ba+b? where by x> we mean XX.
Sol. We have
(a+b)2 =(a+b)(a+b)

=a(a+b)+b(a+b) [by right distributive law]
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=(aa+ab)+(ba+bb) [by left distributive law]

=a® +ab+ba+b’.
Example.4. If R isaring such that a>=a s~ ae<R then prove that
(i) a+a=0~aeRi.e., each element of R is its own additive inverse.
(i) a+b=0=a=h.
(i) R is a commutative ring.

Sol. (i) acR = a+aeR.

Now (a+a)2 =(a+a) [given]
= (a+a)(a+a)=a+a
= (a+a)a+(a+a)a=a+a [Left Distributive Law]
= (a’+a’)+(a’+a’)=a+a [Right Distribtive Law]
= (a+a)+(a+a)=a+a [-a’=a]
= (a+a)+(a+a)=(a+a)+0 [-a+0=a]
= (a+a)=0 [by left cancellation law for addition in R ]

(if) We have just proved that a+a=0.

a+b=0
= at+b=a+a
= b = a, by left cancellation law for addition in R .
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(iii) We have
(a+b)’ =(a+b)

= (a+b)(a+b)=(a+h)

= (a+b)a+(a+b)b=a+b [Left Dist. Law]
= (a2 + ba) +(ab + b2) —a+b [Right Dist. Law]
=S (a+ba)+(ab+b)=a+b [-a®=a,b’=b]

[by commutativity and associativity of addition]

= ba+ab=0 [by left cancellation law for addition in R]
= ab =ba. [by part (ii) of this question]
Hence R is a commutative ring.

Example.5. Prove that the set M of 2x 2 matrices over the field of real numbers is a ring with respect
to matrix addition and multiplication. Is it a commutative ring with unity element? Find the zero

element. Does this ring possess zero divisors?

Sol. Both addition and multiplication of matrices are associative compositions.

A+(B+C)=(A+B)+C+ABCeM

And A(BC) (AB)CAVLA,B,CeM.
Addition of matrices is a commutative composition. Therefore for all A, BeM,we have A+B=B+ A

If O be the null matrix of the type 2x2,then Oe M and O+ A= Ax Ae M.

Further multiplication of matrices is distributive with respect to addition.
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A(B+C)=AB+AC

and (B+C)A=BA+CA~AB,CeM.

..M is a ring with respect to the given compositions.

Multiplication of matrices is not in general a commutative composition. For example, if

ofi dfeefo T
TR RN
o[y 115 52 ¥

Thus AB # BA and so the ring is non-commutative ring.
. _ . 10
If | be the unit matrix of the type 2x2 i.e., if | {0 1},then | € M. Also we have

Al =A=1A ~eM.
.. | is the multiplicative identity.

Thus the ring possesses the unit element and we have | =1 (the unit element of the ring).

00
The null matrix O = {0 O} is the additive identity and is therefore the zero element of the ringi.e., O=0
(the zero element of the ring).

The ring possesses zero divisors. For example if
0 1 2 3
A = y B = y
0 1 0 0
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Then we have
0 1|2 3
AB =
0 1|0 O
|00
|0 0
Thus the product of two non-zero elements of the ring is equal to the zero element of the ring.

Example.6. Show that the set of numbers of the form a+b\/§, with a and b as rational numbers is

a field.

Sol. Let R:{a+b\/§:a,beQ}.

Let & +b+2 eRand a,+b,/2 €R.Then a,,b,,a,,b, € Q.
We have

(a,+b2)+(a, +b,v/2) = (a +a,) + (b, +b,)v/2 € Rsince & +a,,b, +b, e Q.
Also we have

(a.+b2)(a, +b,v/2) = (asa, + 20D, ) +(ab, +a0)v2 €R

since a,a, +2bb,,ab, +a,b, € Q.
Thus Riis closed with respect to addition and multiplication.

All the elements of R are real numbers and we know that addition and multiplication are both associative

as well as commutative compositions in the set of real numbers.

Further we have 0+0+/2 e Rsince 0€Q.

If a+b+/2 R, then we have (0+0\/§)+(0+a)+(0+b)\/§:a+b\/§.
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Therefore 0+0+/2 is the additive identity.

Again if a+b/2 € R, then we have (-a)+(~b)+/2 € Rand we have
[ (-2)+(-b)v2 |+(a+by2)=0+0v2.

Thus each element of R possesses additive inverse.
Further in the set of real numbers multiplication is distributive with respect to addition.

Again 1+0+/2 e Rand we have
(l+0\/§)(a+b\/§)=(a+b\/§)=(a+b«/§)(l+0\/§).

1+0+/2 is the multiplicative identity.

Thus R is a commutative ring with unity. The zero element of the ring is 0+0+/2 and the unit element is

1+04/2.

Now R will be a field, if each non-zero element of R possesses multiplicative inverse.

Let a+b+/2 be any non-zero element of this ring i.e., at least one of a and b is not zero.

Then we have

1 a—b+/2
a+by2 (a+b\/§)(a—b\/§)
_ a—b2
~a?—2b?

:(az —aZbZ)_(az —bezjﬁ

Now if a and b are rational numbers, then we can have a* =2b* only if a=0,b =0. Since here at
least one of the rational numbers a and b is not 0, therefore we cannot have a® =2b? i.e., a>—2b* =0.
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a ) .
Thus ———— and ———— are both rational numbers and at least one of them is not zero.
a-—2b a-—-2b

(ﬁ}{—ﬁjﬁis a non-zero element of Rand is the multiplicative inverse of

a-+b+/2. Hence the given system is a field.

10.11 Subrings

Let R bearing. A non-empty subset S of the set R is said to be a subring of R if S is closed with respect

to the operations of addition and multiplication in R and S itself is a ring for these operations.

If Sisasubringofaring R, itis obvious that S is a subgroup of the additive group of R.

If R isany ring, then {0} and R itself are always subrings of R.Theses are known as improper subrings

of R.Other subrings, if any, of R are called proper subrings of R.

Check your Progress

Q.1. What do you mean by integral domain?
Q.2. Explain the field.
Q.3. Define Division Ring or Skew Field.

Q.4. To show that the rings of real numbers and complex numbers are also examples of fields.

Q.5. If a,b, care elements of a ring R, then evaluate (a+b)(c+d).

Theorem.6. The necessary and sufficient conditions for a non-empty subset S of a ring R to be a

subringof Rare (i) acsS,beS—=a-beS (ii)jaeS,beS=abeS.
Proof. Necessary conditions: Suppose (S, +,.)is a subring of (R, +,.)

Since S is a group with respect to addition, therefore be S = —b e S.
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Now S is closed with respect to addition.

Thus we have
aeS,beS = aeS,-beS
= a+(—b) €S
= a—-beS.
Also S is closed with respect to multiplication.
aesS,beS = abeS.
Hence the conditions are necessary.

Sufficient conditions: Suppose S is a non-empty subset of R and the conditions (i) and (ii) are satisfied.

From (i), we have

acS,aesS = a—-aeS = 0 i.e.,thezeroelement €8S.

Now since O e S, therefore from (i), we have
0eS,-beS = a—-(-b)eS = a+beS.

.. S is closed with respect to addition.

Now S is a subset of R.Therefore associativity and commutativity of addition must hold in S since they
hold in R.

(S, +) is an abelian group.

From (ii) S is closed with respect to multiplication.

Associativity of multiplication and distributivity of multiplication over addition must hold in S since they
hold in R.

Hence S is a subring of R.
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Theorem.7. The necessary and sufficient conditions for a non-empty subset S of a ring R to be a

subring of Rare (i) S+(-S)=$ (i) SS = S.

Proof. Necessary conditions: Suppose S is a subring of R. Then S is a subgroup of the additive group
of R.

Let a+(-b)be any element of S+(-S).
We have
a+(—b)e S +(—S) = aeS,-be-S = aeS,beS
= a-beS [ S isasubgroup]
Thus S+(-S)cS.
Also let a be any element of S.We can write a=a+0.
Now S is a subgroup. Therefore 0e S or € -S.
So a+0eS+(-9). ~.ScS+(-9)
Thus S=S+(-S).
Also S must be closed with respect to multiplication.

aesS,beS=abeS.
Now ab is an arbitrary element of SS.

SS < S.
Sufficient conditions: Suppose S is a non-empty subset of R satisfying the two given conditions.
Wehave SS S —abeS-~a,beS.

Therefore S is closed with respect to multiplication.
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Also S+(-S)=S=S+(-S)cS.
=a+(-b)eSifa,bes

= S is a subgroup of the addition group of R.
Thus s isa subring of R.
Theorem.8. The intersection of two subring is a subring.

Proof. Let S, and S, be two subrings of aring R.Then S;1S, is non empty since at least 0 S, S,.
Now in order to prove that S; (1S, is a subring, it is sufficient to prove that
(i) aeS;MNS,,beS NS,=a-beS NS,
and (i) aeS;MNS,,beS NS, =abeS NS,.
We have

aeS NS, = aeS,aes,,
beS NS, = beS,bes,.

Now S, and S, are both subrings.
~.aeSbeS —a-beSand abe S,

and a€S,,beS,=a-beS, and ab e S,.
Now we have

a-beS,a-beS,=a-beS NS,
and abe S;,abe S, =abe S, NS,.

Thus we have
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ae$S,NS,,beS NS,=>a-beS NS,and abe S, NS,.
Hence S;(S, is a subring of R.
Theorem.9. An arbitrary intersection of subrings is a subring.

Proof. Let R be a ring and let {St 't eT} be any family of subrings of R.Here T is an index set and is

such that ~+t €T, S, is a subring of R.Let S=[]S, ={xeR:xeS, ~teT} be the intersection of this

teT

family of subrings of R.Then to prove thatS is also a subring of R.
Obviously S = &, since at least the zero element 0 of R isin S, ~»teT.

Now let a, b be any two elements of S. Then

aeﬂSt:>aeSté+teT

teT

and beﬂstzbestvteT.

teT
But ~t €T, S, is asubring of R.
Therefore we have

a,beS, =a—-b,abeS, ~+teT.

Consequently a—b,ab e[ )S,.

teT

Thus we have shown that a,b (S, = a—b,abe[)S,.

teT teT

Therefore ﬂSt is a subring of R.

teT
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Solved Examples

Example.7. Let R be the ring all 2x2 matrices over the field of real numbers. Let M be a subset of

a
R and let the elements of M be matrices of the type {

0
b O} i.e., matrices in which the elements of

second column are all zeros. Then M is a subring of R.

a O a, O
Sol. Let A= ,B= b be any two elements of M.

b, 0 , O
a —a, 0
Then A—B = .
o |:b1_b2 0}

Olla, O a O
Also AB =| 2 V|| &% T
b, Oj||b, O ba, O
Now A—Band AB are both members of M since the second column of A—B and also of AB consists

of zeros only.

Hence M is a subring of R.

a b
Example.8. Show that the set of matrices [0 c} is a subring of the ring of 2x2 matrices with
integral elements.
Sol. Let R be the ring of 2x2 matrices and let M be the subset of R and let the elements of M be
: a b
matrices of the type [0 J.

a, b
Let A=[al bl] B=[ 2 2} be any two elements of M.
0 ¢ 0 ¢

a —a, bl_b2

Then A—B ={
0 c,—¢C,

} which is obviously an element of M.
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Also we have

AB{ai bl}{az bz}
0 ¢l 0 c

_ [aiaz ab, +bc,

} which is obviously an element of M.
0 C,C,

Hence M is a subring of R.

10.12 Subfields

Let F be a field. A non-empty subset K of the set F is said to be a subfield of F if K is closed with

respect to the operations of additions and multiplication in F and K itself is a field for these operations.

Theorem.10. The necessary and sufficient conditions for a non-empty subset K of a field F to be a

subfield of F are (i) aesK,be K =a-beKkK,
(il acK,0zbe K =ab" eK.

Proof. Necessary Conditions: Suppose K is a subfield of the field F.Now K is a group with respect to

addition. Therefore we haveb e K = -b e K . Also K is closed with respect to addition.
aeK,be K:>a+(—b)e K=a-beK.
Now each non-zero element of K possesses multiplicative inverse. Therefore 0 #be K = b ™" € K.
But K is closed with respect to multiplication.
aeK,0zbeK=ab*eK.
Hence the conditions are necessary.

Sufficient Conditions: Suppose K is anon-empty subset of F and the conditions (i) and (ii) are satisfied.
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As we have prove in subring, we can prove that with the help of condition (i), (K,+) is an abelian group.

Now let a be any non-zero element of K.
Then from (ii)wehave ac K,0za'e K =>aa ' e K =>1eK.
Now 1e K, therefore again from (ii), we have
leK,0zaecK =>lateK=a'ek.

Therefore each non-zero element of K possesses multiplicative inverse.
Now let ac Kand 0=beK.Then b™ e K.
From (i), we have aecK,0zb'eK= a(b‘l)_1 eK =abeK.
Also if b=0,then ab=0. Then we have 0e K.

abe K~ a,bekK.

Associativity of multiplication and distributivity of multiplication over addition must hold in K since

they hold in F. Hence K is a subfield of F.

10.13 Summary

If inaring R there exists an element denoted by 1 such that 1.a=a=a.l ~~a<R,then R is called a
ring with unity element. The element 1€ R is known as the unity element of the ring.

If in a ring R, the multiplication composition is also commutative i.e.,, if we have

ab=b.a -~+a,beR,then R isknown asacommutative ring.

A non-zero element a of aring R is called a zero divisor or a divisor of zero if there exists an element

b=0 € R such that either ab =0 or ba =0.
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A ring Ris without zero divisors if the product of no two non-zero elements of Ris zero i.e., if
ab=0=a=0o0r b=0.

A ring is known as an integral domain if it (i) is commutative (ii) has unit element, and (iii) is without

zero divisors.

Aring R with at least two elements is called a field if it,(i) is commutative, (ii) has unity, (iii) is such that

each non-zero element possesses multiplicative inverse.

Aring R with at least two elements is called a division ring or a skew field if it (i) has unity, (ii) is such

that each non-zero element possesses multiplicative inverse. Thus a commutative division ring a field.

Let R bearing. A non-empty subset S of the set R is said to be a subring of R if S is closed with respect

to the operations of addition and multiplication in R and S itself is a ring for these operations.

Let F be a field. A non-empty subset K of the set F is said to be a subfield of F if K is closed with

respect to the operations of additions and multiplication in F and K itself is a field for these operations.

10.13 Terminal Questions

Q.1. Define the rings.
Q.2. What do you mean by ring with or without zero divisors?
Q.3. Explain the concept of subrings and subfields.

Q.4. Prove that the set of rational numbers (real numbers or complex numbers) is a field with respect to

addition and multiplication.

Q.5. Define a field. Prove that every field is an integral domain, but there exist some integral domains
which are not fields.

Q.6. Define a ring and furnish an example of (i) a non-commutative ring with unity, (ii) a commutative

ring without unity.
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Q.7. Is every field also a division ring? Does the set of all integers under usual addition and multiplication

form a field? Give some example of field which is finite.

Q.8. Prove that the set {0,1, 2} (mod 3) is a field with respect to addition and multiplication.
Q.9. Inaring R, prove that —(—a)=a.

Q.10. If addition and multiplication modulo 10 is defined on the set of integers R = {0, 2,4, 6,8}, prove

that the resulting system is a ring with unity. Is it an integral domain?

Q.11. Prove that the only idempotent elements of an integral domain with unity are 0 and 1.

a 0
Q.12. Show that the set of all 2-rowed matrices of the form {b C]Where a, b, c are integers is a
subring of the ring M of all 2-rowed matrices with integral entries.
Q.13. Give an example to show that the union of two subrings is not necessarily a subring.

Q.14. Show that the set of even integers forms a subring of the ring of integers.
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11.1 Introduction

The idea of an ideal was first given by Richard Dedekind in 1871. He wanted to fix problems in number
theory, where sometimes numbers could not be broken into prime factors in only one way. To solve this,
he grouped some numbers together into sets called ideals. This helped him keep unique factorization.
Later on, rings and ideals became very important in many areas of math, like studying numbers and shapes.

Today, learning about rings is a basic part of advanced math and is used in many ways.

In this unit we shall discuss about the ideals, principal ideal, divisibility in an integral domain, greatest
common divisor, polynomials rings, unique factorization domain and reminder theorem. Quotient rings,
homomorphism on rings, kernel of a ring homomorphism, maximal ideals, prime ideals and Euclidean

rings.

11.2  Objectives

After reading this unit the learner should be able to understand about the:

. Ideals and principal ideal

. Divisibility in an integral domain, greatest common divisor
. Polynomials rings

. Unique factorization domain and reminder theorem

. Quotient rings, homomorphism on rings

" Kernel of a ring homomorphism

" Maximal ideals, prime ideals and Euclidean rings.

11.3 Ideals

Left Ideal: A non-empty subset S of aring R is said to be a left ideal of R if (i) S is a subgroup of R

with respect to addition and (i) rse S~ r e Rand s eS.
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Right Ideal: A non-empty S of aring R is said to be a right ideal of R if: (i) S is asubgroup of R under

addition and (ii) sreS~reRand ~»seS.

Ideal: A non-empty subset S of a ring R is said to be an ideal of R if: (i) Sis a subgroup of R under
addition i.e. S is a subgroup of the additive group of R and (ii) rse Sand sr €S for every r € R and every

seS.
Note 1. Thus every ideal of a ring R is also a subring of R. But every subring is not an ideal.

2. If Risacommutative ring then every left ideal will also be a right ideal. Therefore in a commutative

ring every left (right) ideal is an ideal.
3. A ring having no proper ideals is called a simple ring.
Theorem.1. The intersection of any two left ideals of a ring is again a left ideal of the ring.

Proof. Let I and I,betwo leftideals of aring R.Then 1, 1,are subgroups of R under addition. Therefore

I,N1,is also a subgroup of R under addition.

Now to show that I, N1, is a left ideal of R, we are only to show that

reR,sel,Nl,=rsel Nl,.

First to show that se |, N1, =sel,,sel,.

But I, and I,are left ideals of R.Therefore we have

reR,sel,=rsel,

and reR,sel,=rsel,.

Now we have rsel,rsel,=rsel N,

I, M1, isalso a left ideal of R.

Theorem.2. An arbitrary intersection of left ideals of a ring is a left ideal of the ring.
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Proof. Let R be a ring and set {St 't eT} be any family of left ideals of R. Here T is an index set and is

such that ~t eT. S,is a left ideal of R. Let S =ﬂSt ={xeR:xeS§,~teT}be the intersection of this

teT

family of left ideals of R. Then to prove that S is also a left ideal of R.

Obviously S = ¢,sinceatleast0isin S, ~wteT.

Now let &,b be any two elements of S. Then we have
a,beS = abeS, ~teT

= a-beS, ~teT [-~teT,S, isaleft ideal of R]

= a—beﬂSt

teT

= a-beS
Now let a be any element of S and rbe any element of R.

Wehave aeS = aeﬂst = aeS, ~»teT
teT

= raeS, ~teT [ »teT,S, isaleftideal of R]

= rae()S, = raeS.
teT

Thuswe have a,beS =a-beSandreR,aesS=raeS.

Therefore S is a left ideal of R.
Theorem.3. A field has no proper ideals i.e., if F is a field then its only ideals are (0) and F itself.

Proof. Let S be any non-zero ideal of the field F and let a be any non-zero element of S.We have

a’eF. Since Sisan ideal, therefore

acS,a‘teF—=aa'teS=1eS.
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Now let X be any element of F. Then

leS, XeF=1XxXxeS=xeS.

Thus each element of F belongs to S.

Therefore F < S.But S < F. Therefore S =F.

Thus the only ideals of F are (0)and F itself.

Theorem.4. If Ris a commutative ring and a€R, then Ra={ra:r e R} is an ideal of R.

Proof. In order to prove that Ra is an ideal of R, we should prove that Rais a subgroup of R under

addition and that if ue Ra and xeR then XU and UX are also in Ra.
But R is a commutative ring therefore Xu =ux.Thus we only need to check that Xu isin Ra.

Now let U,veRa. Then u=ra,v=r, forsome r,r, €R.
We have u-v=ra-ra=(r,—r,)acRasince r,-r,eR.
Thus U,ve Ra=u—V e Ra.

Hence Ra is a subgroup of R under addition.

Now let x € R. Then we have
xu = x(ra)=(xr,)a e Ra since xr, € R.
Hence Ra is an ideal of R.

Theorem.5. A commutative ring with unity is a field if it has no proper ideals.

Proof. Let R be a commutative ring with unity having no proper ideals i.e., the only ideals of R are (0)
and R itself.
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In order to show that Ris a field, we should show that each non- zero element of R possesses

multiplicative inverse. Let a be any non-zero element of R.

The set Ra = {ra: re R} is an ideal of R.

Since 1€ R, therefore 1la=a e Ra. Thus 0 a < Ra. Therefore the ideal Ra #(0). Since R has no proper

ideals, therefore the only possibility is that Ra=R.

Thus every element of R is a multiple of a by some element of R.In particular, 1€ R so it can be realized

as a multiple of a. Thus there exists an element b € R such that ba =1.

-1 T . .
Therefore a8~ =b. Hence each non-zero element of R possesses multiplicative inverse.

Thus R is a field.

Solved Examples

a o0
Example.1. Prove that the subset S of all matrices of the form {b O} with a and b integers, forms

a subring of the ring R of all 2x2 matrices having elements as integers. Prove further that Sis

neither a right ideal nor a left ideal in R.

) a 0 c O
Solution. Let A= [0 } B = [0 d} be any two element of S.

a Ollc O ac O
Also we have AB = = eS.
O bll0O d 0 bd

Thus S is a subring of R.

10 3 4 3 4il1 0 3 4 _
Further €S, € R and the product = ¢ S. Therefore Sis not a
0 1 2 1 2 10 1 2 1

left ideal.
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. 1 0|3 4 3 4
Again we have = &S.
0 12 1 2 1

Therefore S is not a right ideal.
Example.2. If R isaringand acRlet T = {x eR:ax= O} .Prove that T is a right ideal of R.
Solution. First we see that T is not empty because

OeRissuch that a0 =0.

Let x;, x, be any two elements of T.Then ax, =0,ax, =0.We have
a(x —x,)=ax—ax,=0-0=0.

SoX =X eT.

. T is a subgroup of R under addition.

Now to show that T is aright ideal of R we are to show that a(xy) =0, then xy will be an element of T.
We have a(xy)=(ax)y=0y=0.
o xyeT.
. Tis aright ideal of R.
Example.3. Prove that the intersection of two ideals of R is an ideal of R.

Solution. Let Sand T be two ideals of R.Then s, T are subgroups of R under addition. Therefore SNT

is also a subgroup of R under addition.
Now to show that ST is an ideal of R, we are only to show that
reR,seSMNT=rseSNT,sreSNT.

Wehave se S()T =>seS,seT.
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But Sand T are ideals of R. Therefore we have

reR,seS=rseS,sresS
and reR,selT =rseTl,sreT.
Now we have rseS,rseT =rseST
and sreS,sreT =sreST.
Hence ST isalso an ideal of R.

Example.4. Show that S is an ideal of S+T where S is any ideal of ringR,and T any subring of

R.

Solution. Since S is an ideal of R therefore Sis a subring of R.Also T a subring of R. First we shall

show that S+T is a subring of R.

Let a+a,b+e€S+T,where a,beSand a,feT.
Since S is a subring, therefore a—b e S.Similarly a— B €T.
s (a+a)-(b+pB)=(a-b)+(a—-pB)eS+T.
Also (a+a)(b+p)=ab+af+ab+apf =(ab+af+ab)+ap.
Now S is a subring. Therefore a,b e S = ab e S.

Also Sis an ideal, therefore a,beSand «, S =« R= a3, ab, abeS.

Therefore ab+af +ab € S.

Further T is a subring implies B T if a, S €T.

Hence S+T isasubring of R.
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Since 0T, therefore a < S can be written as

a=a+0eS+T.

S ScSHT.
Thus ScS+Tand S+T isasubring of R.

Since Sis an ideal of R, therefore S is also an ideal of S+T.

Check your progress

Q.1. What do you mean by ideals?

Q.2. Define the left ideal and right ideal.

Q.3. The set of integers | is only a subring but not an ideal of the ring of rational numbers (Q, +,.) .

Q.4. If Uisanideal of aring R with unity and 1<U prove that U =R.

Q.5. If U isaleftideal ofaring R, let A(U)={xeR:xu=0-~ueU}. Prove that A(U)is a two sided

ideal of R.

Q.6. If U,V areideals of aring R let UV be the set of all those elements of R which can be written as

finite sums of elements of the form uvwhere u U and veV . Prove that UV is an ideal of R.

11.4 Principal Ideal

Anideal Sofaring Ris said to be a principal ideal if there exists an element a e S such that any ideal T

of R containing a also contains Si.e., S=(a).

Note: 1. Thus an ideal generated by a single element of itself is called a principal ideal.

PGMM-106-MAMM-106/269



2. If aring R has a unity element 1, then the ideal generated by 1 is the whole ring i.e., (1) =R, Since

every element r € R may be written as ri1.For this reason ring itself is called the unit ideal. The ideal
generated by the zero element of R.i.e. (0) consists of the zero element alone and is called the null ideal.
Every ring R has at least one principal ideal, namely (0). Every ring with unity has at least two principal
ideals (0) and ().

11.5 Principal Ideal Ring

A commutative ring R without zero divisors and with unity element is a principal ideal ring if every ideal

Sin Risaprincipal ideal i.e., if every ideal S in Ris of the form S :(a)for some aeS.

Theorem.6. If a is an element in a commutative ring R with unity, then the set S = {ra:r e R} is

a principal ideal of R generated by the element a i.e., S=(a).

Proof. First we should prove that a< S . Since Ris a ring with unit element 1, therefore la=a e S.

Now we should prove that S is an ideal of R.So first we should prove that S is a subgroup of R under

addition. Let u,Vv be any two elements of S.Then u=ra,v=r,a forsome r,r, eR.
Now we have u—v=ra-r,=a(r,—r,)ae$ since ,—r, e R.

.. Sis a subgroup of R under addition.

Now we should prove that S is an ideal of R.So first we should prove that S is a subgroup of R under

addition. Let u,Vv be any two elements of S.Then u=ra,v=r,a forsome r,,r, e R
We have u-v=ra-ra=(r,—r,)aeSsince ,—r, e R.
. Sisanideal of Rand a€S.

Now in order to prove that S is an ideal generated by the element a, we should prove

that if T isan ideal ofRand a€T,then ScT.
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Let ra be any element of S. Then reR. If Tis an ideal of R containing a, then

aeT,reR=raeT.Thus ScT. Hence S is a principal ideal of R generated by the element a.

Theorem.7.. Let S be an ideal of a commutative ring R. Let a be an element of S such that

X e S = X=ya forsome Y€R. Then S is a principal ideal of R generated by a.
Proof. As given in the statement of the theorem, S is an ideal of R containing the element a.
Let T beany ideal of R containinga. Then S will be principal ideal of R generated by a if S<T.

Let X be any element of S.Then x=ya for some Yy €R.

Nowwehave YeR,aeT =>vyaeT [+ T isan ideal]
= xeT. [~ x=ya]

Thuswe have xeS = xeT.

Therefore S < T. Hence S is a principal ideal of R generated by a.

Theorem.8. The ring of integers is a principal ideal ring.

Proof. Let ( I,+,.) be the ring of integers. Obviously | is a commutative ring with unity and without zero

divisors. Therefore | will be a principal ideal ring if every ideal in | is a principal ideal.

Let S be any ideal of the ring of integers. If S is the null ideal, then S =(0)so that is a principal ideal.

Therefore suppose suppose that S # (0)

Now S contains at least one non-zero integer, say a.Since S is a subgroup of R under addition therefore
aeS = —aeS.Thus shows that S contains at least one positive integer because if 0 a, then one of a

and —a must be positive.
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Let S, be the set of all positive integers in S.Since S, is non empty therefore by the well ordering principal
,S, must possess a least positive integer. Let Sbe this least element. We will now show that S is the

principal ideal generated by s i.e., S =(s).

Suppose now that nis any integer in S. Then by division algorithm, there exist integers ¢ and rsuch that

n=qgs+rwith 0<r<s.

Now s€S,qel =qgseS [+ S isan ideal]

and NeS,qseS=n—-gseS [.S isasubgroup]
Of the additive group of I, we have
=res. [“n—gs=r]

But 0<r <sand Sis the least positive integer such that s € S.Hence r must be 0.

n=gs.
Thus Ne€ S =n=qsfor some gel.
Hence S is a principal ideal of | generated by S.
Since S was an arbitrary ideal in the ring of integers therefore ring of integers is a principal ideal ring.
Theorem.9. Every field is a principal ideal ring.

Proof. A field has no proper ideals. The only ideals of a field are (i) the null ideal which is a

principal ideal generated by 0 and (ii) the field itself which is also a principal ideal generated by I. Thus a

field is always a principal ideal ring.

11.6 Divisibility in an Integral Domain

Suppose 0= a is an element of a commutative ring R.Then a is said to divide b€ R, if there exists an

element c € R such that b = ac.
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For example, In the ring | of integers, we have 3|6 since we have 6 =3x2and 2 < | . However in the

ring of integers 3 is not a divisor of 7.

Also in the ring Q of rational numbers, we have 3|7 since we have 7=3x(7/3)and 7/3 Q.

Theorem.10. If R is a commutative ring, then (i) a|b and b|c —> alci.e., the relation of

divisibility in R is a transitive relation.
(i) ajpand ajc = a|(b+c).
(iii) ajo= afoxforall xeR.
Proof. (i) alb = b =ap for some peR
and b|c = c =bq forsome geR.
Now c=bgand b=ap=-c=(ap)g=c=a(pq)
= acsince pgeR.
(ii) alo = b =ap forsome peR
And alc=c=aqforsome geR.
Now b=apand c=aqg=b+c=ap+aqg=b+c=a(p+q)
=a|(b+c) since (p+qg)eR.
(iii) alp = b =ap forsome peR.
Now b=ap=bx=(ap)x~xeR

= bx =a( px) = albx since pxeR.
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11.7 Greatest Common Divisor

Let R be a commutative ring. If a,0€R then 0=d eRiis said to be a greatest common divisors of a

and b if

(i) d|aand d |b.

(ii) Whenever c|a and c|b then c|d .

We shall use the notation d =(a,b) denote that d is a greatest common divisors of a and b.

Now suppose a,b € D where D is an integral domain with unity element 1. Let a,b possess a greatest

common divisor.

Example.5. Add and multiply the following polynomials over the ring of integers:

f (x)=2x°+5x+3x*—4x%,g(x)=3x° +4x—x* +5x".
Solution. By our definition of the sum of two polynomials, we have
f(xX)+9(x)=(2+3)x"+(5+4)x+(3+0)x* +(-4-1)x* +(0+5)x*

=5x%° +9x +3x* —5x° +5x".
Also we have
f(x)g(x) =(2x0 +5x +3x° —4x2)(3x° +4x—x° +5x4)
=6x"+(8+15)x+(20+9) x* +(—2+12-12)x°
+(10-5-16)x* +(25—-3) x° +(15+4) x* —20x’

=6X° + 23X+ 29x% —2x3 —11x* +22x° +19x° — 20x".
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Example.6. Add and multiply the following polynomials over the ring (I6+6, ><6):

f (x)=2x°+5x+3x%,g(x)=1x" +4x+2x°,
Solution. We have f (x)+g(x)=(2+51)X’+(5+¢4)x+(3+50)x* +(0+, 2)x°
=3x% +3x+3x* +2x°.
Also we have
f(x)g(x)=(2x°+5x+3x2)(1x°+4x+2x3)
= (2% 1) X° +[ (2% 4) +¢ (5% 1) [ X +[ (55 4) +4 (3% 1) | X
+[ (25 2) +5 (3%, 4) | X* +(5x 2) x* + (3%, 2)X°
=2X" +(24¢5) X+ (2+4 3) X* +(4+ 0)x*> + 4x* + 0x°

=2X° +1X +5x% + 4x> + 4x*.

11.8 Ring of Polynomials

Theorem.11. The set R[x]of all polynomials ever an arbitrary ring Ris a ring with respect to

addition and multiplication of polynomials.

Proof. Let f(x),g(x)eR[x].Then f(x)+g(x)and f(x)g(x)are also polynomials over R.Therefore

R [x] is closed with respect to addition and multiplication of polynomials.
Now let f(x)=> ax =apx’+ax+ax*+,...,g(x)=bx’ +bx+b,x*+....,

h(x)=c,X° +C¢,x+C,X* +...be any arbitrary elements of R[x].
Commutativity of addition. We have

f(X)+9(x)=(a,+by ) X" +(a, +b ) x+(a, +b,)x* +....
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=(by +3,) X" + (b, +a,) x+(b, +a,) x* +

=g(x)+ f(x).
Associativity of addition. We have
[F()+g(x)]+h(x)=Z(a;+b)X +Zcx =Z[(a +b)+c X
=X[a+(b+c)]x
=Yax +X(b +¢)X
= f(x)+[ g(x)+h(x)].
Existence of additive identity. Let O (x) be the zero polynomial over R i.e,,

0(x)=0x"+0x+0x" +....

Then we have
f(x)+0(x)=(a, +0)x°+(a,+0)x+(a, +0)x* +....
=a X’ +aX+a,X’ +...
= f(x).
Therefore the zero polynomial 0(x) is the additive identity.

Existence of additive inverse. Let —f(x) be

—f(x)=(-a,)x" +(-a; ) x+(-a,) X" +...

the polynomial over R define as

Then we have
—f (x)+ f(x)=(—a, +a,) X" +(—a, +a, ) x+(-a, +a,) X" +....
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=0x° +0x+0x* +...= 0(x)
= the additive identity.
Hence each member of R[x] possesses additive inverse.
Associativity of Multiplication. We have
f(x)g(x)= (aox0 +ax+ax’ +....)(b0x° +b X +b,x? +)

=doX’ +dX+d,X* +...+d,x' +....,where d, = D ab,.

i+j=I

Now [ £ (x)g (x)]h(x)

:(doxo+d1x+d2x2+....)(cox°+clx+c2x2+....)
=X’ +eX+8X* +...+6X" +..., Where e, =the coeff. of X"in [ f(x)g(x)]h(x)

= Z dlck

I+k=n

_ Z[(Zaibjjck} 2. abg.

I+k=n i+j=I i+ j+k=n

Similarly we can show that the coeff. of X"in

F()[a(x)h(x)]= > abg,.

i+ j+k=n

Thus [ f(x)g(x)]h(x)=f(x)[g(x)h(x)], since corresponding coefficients in these two polynomials

are equal.

Distributivity of multiplication with respect to addition. We have
F)Lg(x)+h(x)]
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= (aox0 +aX+a,X? +....)[(b0 +Co ) X°+ (b +¢, ) x+(b, +¢, ) +.... |.
If n is any non-negative integer, then the coefficient of X"in
f(x)[ g(x)+h(x)]
=2 a(b+c)

i+j=n

=Y (ab;+ac;)= > abj+ > ac;

i+]j=n i+j=n i+j=n
=Coeff. of X"in f(x)g(x)+ Coeff. of X"in f (x)h(x)
= coeff. of X"in [ f(x)g(x)+ f (x)h(x)].

Similarly we can prove the right distributive law. Hence R[x] is a ring. This is called the ring of all

polynomials over R. The zero element of this ring is the zero polynomial

0x° +0x +0x? +0x% +.....

11.9 Unique Factorization Domain and Reminder Theorem

An integral domain R, with unity element 1 is a unique factorization domain if (a) any non-zero element
in R, is either a unit or can be written as the product of a finite number of irreducible (Prime) elements of
R; (b) The decomposition in part (a) is unique upto the order and associates of the irreducible elements.
Thus if Ris a unique factorization domain and if a = 0is a non-unit in R, then a can be expressed as a

product of a finite number of prime elements of R. Also if
a= P P,Pz---- PP P P; Py

Where the p, and P, are prime elements of R, then m=nand each p;, 1<i<n is an associate of some

p;,1< j <m and conversely each p," is an associate of some p,.
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Theorem.12. Let f (x),g(x) and h(x) be polynomialsin F[x] for afield F. If f(x)|g(x)h(x)

and the greatest common divisor of f (x) and g(x) is 1, then f (x)|h(x).
Proof. If the greatest common divisor of f (x)and g(x)is 1, then by the previous theorem, there
exist polynomials m(x)and n(x)e F[x]such that 1=m(x) f (x)+n(x)g(x).
Multiplying both members of this equation by h(x), we get
h(x)=m(x) f (x)h(x)+n(x)g(x)h(x). ..(2)
But f (x)|g (x)h(x), sothere exists apolynomial q(x) e F[x] suchthat g(x)h(x)=q(x) f (x).
Substituting this value of g(x)h(x) in equation (1), we get
h(x)=m(x) f (x)h(x)+n(x)q(x) f (x)
= f(x)[m(x)h(x)+n(x)q(x)],
Which shows that f (x)is a divisor of h(x). Hence the theorem.

Theorem.13. If f(x)is an irreducible polynomial in F[x]for afield Fand f(x)|g(x)h(x), where

g(x),h(x)e F[x]then f(x)divides at least one of g(x)or h(x).

Proof. Suppose that f (x)does not divides g(x).Since f(x)is prime therefore f (x) does not divide

g(x)implies that f (x)and g(x)are relatively prime. Therefore the greatest common divisor of f (x)

and g (x)is 1. Hence by previous theorem, we get that f (x)|h(x).

The Unique Factorization Theorem for polynomials over a field.

Theorem.14. Let f (x)be a non-zero polynomial in F[x],where F is a field. Then either f(x) isa

unit in F[x] or f(x)=ap,(x)p,(X)....pn(X),where each p;(x),1<i<m,is the leading
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coefficient of f (x).Further the factors p, (x), p,(X),..... P, (X) are unique except for the order

in which they appear.

Proof. We shall prove the theorem in two parts. First we shall prove that f (x) can be factored as required

and then we shall show that the factors are unique.

Let f(x)be a non-zero element of F[x]. Then either f(x)is a unit in F[x]i.e., deg f(x)is O or
deg f (x)>0.If deg f (x) > 0,and the leading coefficient of f (x)isa.We are to prove that f (x)can be

expressed as a product of a and a finite number of irreducible monic polynomials in F[x] The proof will

be by induction on the degree of f (x).

Suppose  f(x)is of degree one. Let f(x)=b+axfor abeFand a=0.We can write

f(x)= a(a’lb+x). Therefore the theorem hold in the case where f (x)has degree one since f(x)is

irreducible and monic. Now assume, as the induction hypothesis, that every polynomial of degree less

than n can be factored as stated in the theorem. Consider an arbitrary polynomial f (x)of degree n
having aas its leading coefficient. We can write f(x)=af,(x),where f (x)=a™f(x)and f (x) is
monic. If f,(x)is irreducible, then f,(x) is also irreducible and the theorem holds. If f (x)is reducible,
then it can be factored as f (x)=g(x)h(x)where neither g(x)nor h(x)is a unitin F[x]. Now the
degree of f (x)is equal to the sum of the degrees of g(x)and h(x). Alsog(x) and h(x)are not units
in F[x],so each of them must be of degree one or larger. Hence both g(x)andh(x) have degrees less

than n. Therefore by our induction hypothesis we can write.
g(x)=cx (X)), (X)....or5(x),h(x) =d B, (X) B, (X).....0 (X)

where each ¢ (x)and each 3, (x) is monic and ireeducible and where ¢ and d are leading coefficients of

g(x) and h(x)respectively. Thus we have f (x)=cde, (X)a, (X)a(X)...q (X) B, (X) By (X)....5.(X).

Since the leading coefficient of f (x)is a, therefore we must havea=cd because each «(x)and

each B(x) is monic. Therefore f(X)=ax (X)a, (X)...aq(X) B (X) B, (X)....5.(X).
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The factorization of f(x) satisfies the requirements of the theorem. Hence the theorem holds for all

polynomials of degree n, and by the principle of induction, for all polynomials of arbitrary degree.

In  order to prove that the factors are unique, let us suppose that

f(x)=ap,(x) P, (X)....pn (X)=aq,(x)a,(x)....q, (x) where each p(x) and eachq(x) is irreducible and
monic. Then we shall prove that n=mand each p(x)is equal to some q(x)and each q(x)is equal to

some p(x).From these two decompositions of f(x), we have

P (%) P (X)-:Pry (X) = 6 (X) G (X)---. Gy (X)-
Now p, (X)|p,(x)0,(X)--0, (). Therefore P, (X)]ay (%)@, (X)....q, (X).

p,(x) must divide at least one of ¢, (x),d,(X),.....q, (x). Suppose p, (x)|g, (x). It means g, (x)=up, (x)
where uis a unitin F[x] i.e., uisanon-zero element of F.Since g,(x)and p,(x)are monic therefore

u must be equal to 1 and we have p,(x)=gq,(x).Thus we have

P, (X) Py (X)-e- P (X) = Py (X) 0y (X).-..0, (X).

Cancelling 0 p, (x) from both sides, we get

P, (X) Py (X).ecPp (X) = 0, (X) U3 (X)...0, (X). (1)
Now we can repeat the above argument on the relation (1) with p, (x).If n>m, then

after msteps the left hand side becomes 1 while the right hand side reduces to a product of a certain

number of q(x) (the excess of nover m). But the q(x)are irreducible polynomials so they are not units

of F[x]i.e., they are not polynomials of zero degree.

So their product will be a polynomial of degree >1.So it cannot be equal to 1. Therefore n cannot be

greater than m.Then n<m.Similarly interchanging the roles of p(x)and q(x),we get m<n. Hence

m=n.
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Also in the above process we have shown that every p(x)is equal to some q(x)and conversely every

q(x)is equal to some p(x). Hence the theorem has been completely established.

Thus we can say that the ring of polynomials over a field is a unique factorization domain.

Remainder Theorem.

Theorem.15. If f(x)eF[x]and aeF,for any field F,then f(a)is the remainder when f (x)is

divided by (x-a).

Proof. By division algorithm there exist polynomials qg(x)and r(x)such that
f (x)=q(x)(x—a)+r(x),where either r(x)=0o0r degr(x)is less than the degree of x—a. But the
degree of (x—a)is 1. Therefore r(x)has degree O or no degree. Hence r(x)is a cannot polynomial i.e.,
r(x)is simply an element, say, rin F.Thus f (x)=q(x)(x—a)+r. Putting x = ain this relation, we get

f(a)=q(a)(a—a)+r=f(a)=r.

Example.7. Show that the polynomial x*+x+4 is irreducible over F,the field of integers modulo

11.

Solution. The field Fis({O,l,...,lO},+ x ) Let f(x)=x"+x+4.

11 %1

If aeF,thenby a"we shall mean ax,;, ax;; ax;; a.....up to ntimes.

Now f(0)=0%+,0+,4=4,f(1)=1"+,1+,4=6,
f(2)=2%+,2+,4=10,f(3)=3"+,3+,4=5f(4)=2,
f(5)=1f(6)=6°+,6+,4=2,f(7)=5f(8)=10, f (9)=6, f (10)=4.

Since f(a)=0-+ae F,therefore by factor theorem x—a does not divide

f (x)~ae F.Therefore f (x)has no proper divisorsin F[x].Hence f (x)is irreducible over F.
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11.10 Quotient Rings

Suppose R is an arbitrary ring and S is an ideal (two sided ideal) in R. Then S is a subgroup of the
additive abelian group of R . We can form the cosets (right as well as left) of S in R .Since R is an abelian

additive group, therefore if a € R,then the right coset S +awill be equal to the corresponding left coset

a+S. Thus we shall call S+a as simply a coset of Sin R.We remember from our study of cosets in

group theory , that if a,b e R, then

S+a=S+b<a-beS.

The cosets of S in R are called the residue classes of S in R. We denote the set of all residue classes of
Sin R by the symbol R/S . Thus

R/S={S+a:aeR}.

We shall now impose a ring structure on the set R/ S by defining addition and multiplication of residue

classes.

Theorem.16. If Sis an ideal of a ring R, then the set R/S ={S+a:ae R} Or all residue classes of

Sin S forms a ring for the compositions in R/ S defined as follows:

(S+a)+(S+b)=S+(a+b) [Addition of residue classes]
(S+a)(S+b)=S+ab [Multiplication of residue classes]

Proof. Since S+(a+b)and S+abare also residue classes of S in R, therefore R/S is closed

with respect to addition and multiplication of residue classes. First of all, we shall show

that both addition and multiplication in R/ S are well defined. For this we are to show thatif S+a=S+a’
and S+b=S+b' then

(S+a)+(S+b)=(S+a")+(S+b")

And (S+a)(S+b)=(S+a")(S+b")
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We have S+a=S+a'=a'eS+a
And S+b=S+b'=b'eS+b

Therefore there exist «, S eSsuchthat a'=a+a,b'=+b.

Now we have a'+b'=(a+a)+(S+b)=(a+b)+(a+p).
~(a+b)—(a+bh)=a+pes.
~.S+(a+b)=S+(a+b)
= (S+a")+(S+b")=(S+a)+(S+b).

Thus addition in R/ S is well defined.

Again we have a'b'=(a+a)(f+b)=af+ab+af+ab

=ab+af+ab+ap.

sa'b'—ab=apf+ab+apf €S.[Since Sis an ideal therefore «, € S and
a,beR=abeS,apeS,apfeSandfinally af+ab+apfeS].
Now since a'b' —ab € S,therefore S+a'b'=S+ab
=(S+a")(S+b")=(S+a)(S+b).
Hence multiplication in R/S is also well defined.
Associativity of addition in R/S . We have
(S+a)+[(8 +b)+(S +c)]:(S+a)+[S+(b+c)]

=S+[a+(b+c)|=S+[(a+h)+c]|=[S+(a+b)]+(S+c)
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:[(S+a)+(S +b)]+(8+c).
Commutativity of addition in R/S . We have
(S+a)+(S+b)=S+(a+b)=S+(b+a)=(S+b)+(S+a).
Existence of additive identity. We have S=S+0eR/S.If S+aeR/S,then
(S+0)+(S+a)=S+(0+a)=S+a.
.. S is the additive identity.

Existence of additive inverse. Let S+aeR/S.
The S+(-a)eR/S. Also we have
[S+(-a)]+[S+a]=S+[(-a)+a]=S+0=S.

.. S+(-a)or S—ais the additive inverse of S+a.

Associativity of multiplication . We have

[(S+a)(S+b)](S+c)=(S+ab)(S+c)=S+(ab)c

=S+a(bc)=(S+a)(S+hc)

(S +a)[(S +b)(S +c)].

Distributivity of multiplication with respect to addition.

We have (S+a)[(S+b)+(S+c)]=(S+a)[S+(b+c)]
=S+a(b+c)=S+(ab+ac)=(S +ab)+(S +ac)
S+a(b+c)=S5+(ab+ac)=(S+ab)+(S+ac).

Similarly, we can prove that
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[(S+b)+(S +c)](S+a)=(S +b)(S+a)+(S+c)(S+a).

Hence R/S is aring with respect to the two compositions

The residue class S+0or S is the zero element of this ring.

11.11 Homomorphism of Rings

Homomorphism into

A mapping f fromaring R intoaring R'is said to be a homomorphism of Rinto R'if
f(a+b)=f(a)+ f(b)~abeR.
f(ab)=f(a)f(b)forall a,beR.

Homomotphism onto

A mapping f from a ring Ronto aring R'is said to be @ homomorphism of R onto R'if
f(a+b)=f(a)+f(b)wabeR.
f (ab)=f (a) f (b)forall a,beR.

Also then R'is said to be a homomorphism image of R.

Theorem.17. If f is a homomorphism of aring Rintoa ring R',then f(0)=0',where 0is the zero

element of the ring Rand 0'is the zero element of R".
f(-a)=—f(a)~aeR.
Proof. (i) Let acR.Then f(a)eR'. We have

f(a)+0'=f(a) [ 0'isthe additive identity of R']
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=f(a+0)="f(a)+f(0)
Now R'is a group with respect to addition. Therefore
f(a)+0'=f(a)+f(0)
=0'=f(0). [by left cancellation law].
(ii) Let a be any element of R.Then —aeR.
We have 0'=f(0)=f[a+(-a)]=f(a)+ f(-a).

- f (—a)is the additive inverse of f(a)inthering R".Thus f(-a)=—-f(a).

11.12 Kernel of a Ring Homomorphism

If fisahomomorphism of aring R into a ring R, then the set S of all those elements of R which are

mapped onto the zero element of R'is called the kernel of the homomorphism f.

Thus if f is a homomorphism of Rinto R'then Sis the kernel of fif

S = {x eR: f(x)=0' where 0'is the zero element of R‘}.

Note: If f isa homomorphism of aring R into aring R'with kernel S, then S is an ideal of R.

11.13 Maximal Ideals

An ideal S=Rin aring Ris said to be a maximal ideal of R if whenever U an ideal of R such that
ScUcR,theneither R=Uor S=U.

Check your progress

Q.1. What do you mean by Greatest Common Divisor?

Q.2. Define the ring of polynomials.
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Q.3. State the Unique Factorization Domain Theorem.

Q.4. State the Reminder Theorem.

Q.5. Define the maximal ideals.

11.14 Prime ldeals and Euclidean Rings

Let Rbearingand Sanideal in R. Then S is said to be a prime ideal of Rif ab € S,ab € R implies

that either a2 or bisin S.

Let R be an integral domain i.e., let R be a'commutative ring without zero divisors. Then R is said to be

Euclidean ruing if to every non-zero element a € R we can assign a non-negative integer d (a)such that

forall a,beR, both non-zero, d (ab)>d(a).

For any a,be Rand b = 0, there exist g,r € Rsuch that a=qgb-+rwhere either r =0or d(r)<d(b).

The second part of the above definition is known as division algorithm. Also we do not assign a value to

d(0).Thus d(a)will remain undefined when a=0. Also d (a)will be called d —value of aand d(a)

must be some non-negative integer for every non-zero elementa € R.

Example.8. The ring of integers is a Euclidean ring.
Solution. Let (1,+,.) be the ring of integers where
1={..,-3-2-10123..}.
Let the d function on the non-zero elements of | be defined as
d(a)=|a|]~»0=acl.
Now if 0= ael,then |a| IS a non-negative integer. Thus we have assigned a non-negative

integer to every non-zero element ael.
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[d(-5)=]-5|=5.d(-1)=|-1=1,d(4)=|4|=4etc]|
Further if a,b e I and are both non zero, then
b=l
= |ab| > a| [ |b|=1if0 #bel]
=d(ab)>d(a).
Finally we know that if aeland 0=b e I, then there exist two integers gand r such that
a=qgb-+rwhere 0<r <|b|
ie., where either r=0o0r 1<r <|b|
ie., where either r=0or d(r)<d(b).

It should be noted that d (b)=|b|and if ris a positive integer then r =|r|=d(r). Therefore the ring of

integers is a Euclidean ring.

Example.9. Let f(x)=2x"+3x>+2and g(x)=3x"+4x’+2x+3be two polynomials over the field

Z,=({0,1,2,3,4},+,,%;).  Determine (i) (d /dx) f (x), (i) f(x).g(x).

Sol. (i) We have

=(2+45 2+5 245 2) X +(3+5 3+ 3)x*
=3x* +4x°.

(i) We have f(x)g(x)
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=(2+3x>+2x")(3+2x* + 4% +3x°)

= (2% 3)+(2x5 2) X* +[ (25 4) +5 (3%5 3) | x* +(2x; 3) X"
+[ (25 3) +5 (3% 2) | X° +[ (Bx5 4) +5 (25 2) | X°
+(2x54) X' +(3x%43) x® +(2x 3)X9

=1+4X2+ 230+ X+ 2 + X0+ 3" +4x3 | +X°.

11.15 Summary

A non-empty subset S of a ring R is said to be a left ideal of R if: (i) S is a subgroup of R with respect to

addition, and (ii) rse S~r e Rand ~seS.

A non-empty S ofaring Ris said to be a right ideal of R if: (i) S isa subgroup of R under addition, and

(if) sreS~reRand »seS.

A non-empty subset S of a ring R is said to be an ideal of R if: (i) S is a subgroup of R under addition

i.e., S isasubgroup of the additive group of R, and (ii) rse Sand sr S forevery re Rand every seS.

The intersection of any two left ideals of a ring is again a left ideal of the ring. A commutative ring with

unity is a field if it has no proper ideals. The intersection of two ideals of R is an ideal of R.

Anideal Sofaring Ris said to be a principal ideal if there exists an element a e S such that any ideal T

of R containing a also contains Si.e., S=(a).

A commutative ring R without zero divisors and with unity element is a principal ideal ring if every ideal

Sin Risaprincipal ideal i.e., if every ideal S in Ris of the form S = (a)for some aeS.

The ring of integers is a principal ideal ring. Every field is a principal ideal ring.
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Suppose 0= a is an element of a commutative ring R.Then a is said to divide b € R, if there exists an

element c e R such that b = ac.

Let R be a commutative ring. If ,0€R then 0=d R is said to be a greatest common divisors of a

and bif (i) d |aand d |b. (ii) Whenever c|a and c|b then c|d .

A mapping f fromaring R into aring R'is said to be a homomorphism of Rinto R'if
f(a+b)=f(a)+ f(b)~abeR.
f (ab)=f(a)f(b)forall a,beR.

A mapping f from a ring Ronto aring R'is said to be @ homomorphism of R onto R'if
f(a+b)=f(a)+f(b)~»abeR.
f (ab)=f(a) f(b)forall a,beR.

Also then R'is said to be a homomorphic image of R.

If fisahomomorphism ofaring R into a ring R', then the set S of all those elements of R which are

mapped onto the zero element of R'is called the kernel of the homomorphism f.

An ideal S=#Rin aring Ris said to be a maximal ideal of R if whenever U an ideal of R such that
ScUcR,theneither R=Uor S=U.

Let Rbearingand S anideal in R. Then S is said to be a prime ideal of R if ab e S,ab € R implies that

either aor bisin S.

11.16 Terminal Questions

Q.1. Define Ideals.
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Q.2. Distinguish between subrings and ideals in a ring. Show that the 2-rowed matrices of the form

a o0
[b c} , where @, b, C c are integers form a subring of the ring of all 2-rowed matrices with integral

entries. Is this subring an integral domain?
) 0 a : . i .
Q.3. Show that the set M of all matrices of the form {O b} a, b integers is a left ideal but not a right

ideal in the ring of all 2x2 matrices with elements as integers.

Q.4.1f U,V areideals of aring R, let U+V ={u+v:ueU,veV}. Prove that U +V is also an ideal of
R.

Q.5. Show that an arbitrary intersection of ideals of a ring is an ideal of the ring.

a b c
Q.6. Consider the ring R of all 3x3matrices of the type |0 d e |, where a,b,c,d,e, f are real
0O 0 f
a 0 o
numbers. Show that the set | of all matrices of the form |0 0 0| is a left ideal of R, which is not a
O 0 O

right ideal.

Q.7. Verify the following for being true or false:

(i) The set of all positive rationals is a subring of the ring of all rational numbers.
(i1) A subring of any field is a field.

(iii) Any subring of the ring of integers, Z is an ideal of Z.

Ans. (i) and (ii) are false; (iii) is true.

Q.8. Show that if a ring R has no zero divisors, then the ring R[x] has also no zero divisors.

Q.9. Show that the polynomial x* -9 is reducible over the ring of integers modulo 11.
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Q.10. Resolve x* +4 into factors over the field ({0,1, 2,3, 4},+5,x5).
Q.11. Find the solution of the equation 3x=2in the field (Z,,+,,%;).

Q12. If  f(x)=3x"+2x+3,g(x)=5x’+2x+6be two polynomials over the field

Z,=({0,1,2,3,4,5,6},+,,x, ). Determine

(i) (d/7dx) f (x), (ii) f(x).g(x),and (iii) f(x)+g(x).
Q.13. Let f(x)=x°+3x"+4x*—3x—2and g(x)=x’+2x—3bein Z,[x].Find

(i) Sum and product of f (x)and g(x)in Z,[x].

(ii) Two polynomials’ q(x)andr(x) in Z,[x]such that f (x)=q(x)g(x)+r(x)with
degree of r(x)<2.

Q.14. Defined a prime field. Prove that the field of rational numbers is a prime field. Give an
example of a field which is not a prime field.

Q.15. What do you mean by Quotient Rings?
Q.16. Explain the homomorphism on rings.
Q.17. Define kernel of a ring homomorphism.

Q.18. Define maximal ideal.

Answers

2. No.
7. (i) and (ii) are false; (iii) is true.

10. X' +4=(x+1)(x+2)(x+3)(x+4).
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11. X =3because 3x,3=2.
12. (i) 2. (ii) 4+4x+4x" + x> +3x° +4x" +6x° +x*° (iii) 3" +5x> +4x+2.
13. (i) f(x)+g(x)=x"+3x"+5x>+6X+6;

f (x)g(Xx)=1+6x+5x*+5x* +4x* +5x° +3x° +5x" + x".

Note that in Z,,we have —-3=4,-1=6etc.

(i) g(x)=x*+x>+ x>+ x+5,r(x) =4x+3.
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Block-5

Extension Fields and Galois Theory

Extension fields and Galois theory are fundamental in modern algebra, offering powerful methods for
analyzing field structures and solving polynomial equations. By extending a base field, certain equations
that were previously unsolvable can be solved, making extension fields vital in areas such as humber
theory, algebraic geometry, and coding theory. Building on this, Evariste Galois developed Galois theory,
which forges a deep link between field extensions and group theory, demonstrating how the symmetries

of polynomial roots determine their solvability by radicals.

The applications are extensive: in pure mathematics, it proves the impossibility of solving general quantic
equations by radicals; in cryptography and error-correcting codes, it underpins secure communication
systems; and in physics, it provides insight into symmetries and conservation laws. Owing to these diverse
contributions, extension fields and Galois theory occupy a central place in both theoretical exploration

and practical applications.

In this Block we have to study about Extension Fields, Galois theory which is fixed field to a group of
automorphisms, Galois Group G(K/F) of a field extension K/F. We also study about fundamental theorem
of Galois Theory as well as automorphisms group fixing F, field of H.We have to study in this chapter
about finite field or Galois field. This block divided into three units. Unit Twelve discusses field
extensions, including finite extensions, algebraic extensions, and simple extensions, as well as the root
field and decomposition field of a polynomial. It also covers the solution of algebraic equations, multiple
roots, separable and inseparable polynomials, and the simplicity of finite separable extensions. Units
Thirteen and Fourteen focus on Galois theory, introducing its key elements such as fixed fields, normal

extensions, Galois groups, and the fundamental theorem of Galois theory.
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Unit: 12 EXTENSIONS FIELDS

Structure

12.1 Introduction

12.2 Objectives

12.3 Field Extensions

12.4 Roots of a polynomial

12.5 Polynomial equations and field extensions
12.6 Finite field extensions:

12.7 Transitivity of finite extensions

12.8 Algebraic field extensions

12.9 Simple field extension

12.10 Structure of simple field extensions
12.11 Existence of simple field extensions
12.12 Root Field

12.13 Decomposition field of a polynomial
12.14 Existence of a decomposition field
12.15 Uniqueness of the decomposition field

12.16 Continuation of an isomorphic mapping

12.17 Solution of Algebraic Equations

12.18 Structure of finite normal extensions
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12.19 Separable polynomials, separable elements and separable field extensions
12.20 Multiple roots

12.21 Separable and inseparable polynomials

12.22 Characterization of Separability

12.23 Condition for multiple roots

12.24 Separable elements

12.25 Separable extensions generated by separable elements

12.26 Simplicity of finite separable extensions

12.27 Summary

12.28 Terminal Questions

12.1 Introduction:

This Unit will be devoted to a study of the theory of finite field extensions involving the introduction of
the concepts of Algebraic extensions and of the special types of the same, viz., Normal and Separable

extensions. It is intended to lead to the Galois Theory of finite, normal and separable field extensions.

This study had originated with that of polynomial equations and in the following Unit will be developed
the criteria for the solvability of polynomial equations by radicals as an application of Galois Theory. The
theory of finite fields as finite field extensions of prime fields of non-zero characteristic will also be taken

up as an application of the theory of finite field extensions.
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12.2 Objectives

After study in this unit one will be able to understand the

field extensions and roots of polynomial.

Finite field extensions, Algebraic field extensions and simple field extensions.
Root field and decomposition field of a polynomial

Solution of algebraic equations and multiple root

Separable and inseparable polynomials.

YV V V V V V

Simplicity of finite separable extensions

12.3 Field extensions

Let L be any given field and K any sub-field of the same. We then say that L is an extension field or
simply an extension of K. Consider any field L and the family of all its sub-fields. Let I denote the
intersection of this family of sub-fields. Then I" is obviously a prime field in the sense that it possesses no
proper sub-field. A prime field is either isomorphic to the field Q of rational numbers or to the residue

class field Jp for some prime p.

Thus we see that every field L can be thought of as an extension of a field I" isomorphic to the field Q or

Jp according as the characteristic of L is zero or the prime p.

12.4 Roots of a polynomial

Let L be any given field and let
f(x)=ay+a;x+ - ....+a,x" € K[x], aga,a3,.....a, €K
And let ¢ € K. Then the element

ap+a,a+ ... +aa”
of K is denoted by the symbol f(a).
It may be easily seen that if

f(x) € Klx], ¥(x) € K[x]

And if we write
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01(x) = f() +Y(x),  @(x) = fFLOYP(x),
Then
p1(a) = f(a) +YP(a),  @z(a) = f()YP(a),

If a is such that f(a) = 0, we say that « is a root of the polynomial f(x) or of the polynomial equation
f(x) =0.

Suppose that « € K is a root of f(x) € K[x]. Now there exist two polynomials q(x) and r(x) which €

K[x] and are such that
fx) = (x —a)q(x) + r(x),

Where r(x) = 0 or deg r(x) < deg (x — ). Thus r(x) is necessarily a member of K, say . We have thus

fx) = (x—a)q(x) + B,
So that

fl@) =8

We thus see that

fl@)=0o (x—a)lf(x)

It may thus be seen that if f(x) € K[x] has aroot a € K, then f(x) is not an irreducible member of K[x]
in as much as (x — a) € K|[x] is a factor of the same. The converse, however, is not true so that a

reducible member of K[x] may have no root in K.
for example
x* —5x% + 6 € Q[x],

is reducible without having any root in Q.

12.5 Polynomial equations and field extensions:

The field C of complex numbers is known to be such that the only irreducible members of the polynomial
ring C[x] over the same are those of degree one. In other words, every polynomial of the nth degree over
the field C of complex number has n roots belonging to the field. This property is, however, not true of

arbitrary fields. As an example, we may see that

x3 —2 € Q[x]
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is an irreducible member of the same and has no root lying in Q and
x% 4+ 1€ R[x]
is also an irreducible member of the same and has no root lying in R.

While x? + 2 is an irreducible member of the ring Q[x] over the field Q of rational numbers, it is reducible
as a member of the polynomial ring over the extension field Q(+v/2) of Q. Similarly while x? + 1 is an
irreducible member of the ring R[x] over the field R of real numbers, it is reducible as a member of the

polynomial ring over the extension field R(\/—l) = C of complex numbers.

It has thus to be emphasized that the problem of the reducibility and irreducibility of polynomials and of
the solution of polynomials equations is intrinsically related to the field in question and the answer to the

problem changes on a change of the field.

To solve an equation f(x) = 0 where f(x) € K[x] amounts to constructing an extension field L of K such
that f(x) thought of as a member of L[x] is expressible as a product of linear factors and as such has as

many roots in L as is the degree of the same.

12.6 Finite field extensions:

An extension field L of a field can K be thought of as a* vector space over K relative to the field addition
in L and the field multiplication of the elements of L with those of K as the two vector space compositions.
As a vector space over K, the dimension of L may be finite or infinite. We say that L is a finite field
extension of the field K or briefly that L is finite over K, if the vector space L over K is finite dimensional

and this finite dimension is known as the degree of L over K and is denoted by the symbol’ (L : K).
Ilustrations.1. The field C of complex numbers is a finite extension of the field R of real numbers and

(C:R)=2i.e.degree of C over Ris 2.
2. The field Q+/2 consisting of the numbers

a+ b2, a€Q,beEQ

If finite over Q and
(QV2:Q) =2

3. the field Q(v/2,v/3) consisting of the numbers
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a+ bV2 + cV3 + dV2V/3,

Where a, b, ¢, d € Q, is finite over Q and
(Q(\/E,\E): Q) =4

4. The field Q () is not a finite field extension of Q.

12.7 Transitivity of finite extensions:

Theorem. If K, L, M are three fields such that
KCLCEM

Then M is a finite extension of K if and only if M is a finite extension of L and L a finite extension of K.

Moreover, then,
(M:K) = (M:L)(L:K).
Proof: Let M be of finite degree over K.

Let L, being a sub-space of the finite dimensional vector space M over K, is itself finite dimensional.
Further the finite set of elements constituting a basis of M over K is clearly a generating system of M over

L and accordingly M is also finite dimensional over L.
Now suppose that
M:L)=m,(L:K)=n

Leta;, 1 <i<m, isabasis of M over L, ,Bj, 1 <j < n,isabasis of L over K, respectively then
Bj € M as Lis a subset of M it means mn elements belong to M. It will be shown that the set of mn

elements (a; ;) constitutes a basis of M over K.
To show (a;B;) generates M over K (ay,ay, .......,4,) is a basis of M over L

Let y € M. we have

y =21 Lia;,l; € L. (1)
l; €L and (B1 B2, eeveeen Br ) is a basis of L over K, we have
li :Z;‘l=1fij,8j. fl'j eEK..... (2)
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Thus
m n
y=> > fyaf (from (1) and (2))
i=1 j=1
So thaty € M is a linear combination over K of the set of mn elements a;f;.
Thus the set of mn elements a;; generates the vector space M over K.
To show (; ;) is linearly independent
Suppose that

Zn:ifij aBj =0

j=1i=1
We have

D YR (XFos fij B)ai = 0as (ay,az,....@y) is @ basis of M over L

n
) Zf”ﬁf =0 foreachj,
=1

J

D fij =0 foreachiandj as (By,Bz) «wwweeeee Br ) is a basis of L over K

Thus we see that the set of mn elements (a;;) € M is linearly independent over K.

Hence the set of mn elements a;3; constitute a basis of M over K so that
(M:K)=mn

Hence the theorem.

12.8 Algebraic field extensions:

Let L be any finite extensions field of degree n over K. Let o be any arbitrary element of L. then the (n +
1) elements
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of the vector space L of finite dimension n over the field K from a linearly dependent system and

accordingly there exists a system of (n+1) members

not all zero, of K such that

over K[x].

thus we see that if L is a finite field extension over K, each element of L is a root of some non-zero

polynomial equation over K[x].

Definition: An extension field L of a field K is said to be algebraic over K, if each element of L satisfies

a non-zero polynomial equation over k.
From the preceding discussion, we deduce that every finite field extension L of K is algebraic over K.

The converse of this result is, however not true in as much as there exist algebraic extensions which are

not finite. Also an infinite extension may not be algebraic.

12.9 Simple field extension:

Definition: A field extension L of a field K obtainable on adjunction of a single element to K is known

as a simple extension of K. thus a simple extension L of a field K is expressible as
L=K(a)
Where a is an element of L.

Ilustrations 1. The field C is a simple extension of the field R in as much as we have
¢ = R(V-1).

2. The field K(x) of rational functions of an indeterminate x is a simple extension of the field K.
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For example, Show that Q(v2,v/3) = Q(V2 + v3) and deduce that Q(v2,+/3) is a simple extension of
the field Q.

Note. The reader should carefully distinguish between finite and simple extensions in as much as a simple
extension may not be finite. Thus for example, the field Q(x) of rational functions is a simple but not a
finite extension of Q. Moreover, later on we shall obtain conditions under which a finite extension may

be simple.

12.10 Structure of simple field extensions:

Let L = K(a)) be a simple field extension of K. it is proposed here to study the structure of K(a).
The symbol K(a) denotes the ring obtained on adjoins a to K. clearly
K[a] € K(a)

It may be easily seen that K[a] consists of the elements

ag + ayx + azx? + - ... ... + a,x™ cer vereen ee ere wee venen s (1)
Where n is a non-negative integer and ay, a,, a,, ... ... ... ,ap_1, Ay range over K.
The field K(a) is the quotient field of the integral domain consisting of the elements (1).
We proceed first to answer the following question:
‘Is the representation of elements of K [a] by expressions of the form

fla) =ay+aia?+ - ......+aa™
Unique?’
Let, if possible,
f(a) = p(a)where f(x) # p(x).
Then, we see that a satisfies a non-zero polynomial equation
Px) =f(x) —ox) =0; P(x) € K[x].

We have thus two cases to distinguish in respect of a, according as there exists or does not exist a non-

zero polynomial 1 (x) € K[x] such y(a) = 0.
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In case there does not exist a non-zero polynomial € K[x] with a as a root, we see that

fx) = f(a)
Is a one-one mapping K[x] onto K[a].
Also we may see that if

fx) = fa), p(x) = ¢()
Then
f&) + o) = f(a) + @), f()e(x) = f(a)p(a)

We thus have

K[a] = K[x]
And accordingly also

K(a) = K(x)

Thus in this case the simple field extension K () is isomorphic to the field K (x) of rational function over

K; an isomorphism being given by @ = x, @ —» a where a € K.
Now suppose that there does exist a non-zero polynomial ¥ (x) € K[x] such that
Y(a) =0

It may be easily seen that in this case the set | of all those polynomials which € K[x] and which have a as

a root is a 0-zero ideal in K[x].
In fact, if
Y1 (x) € Ly(x) €1, f(x) € K[x],
So that, we have
Y1(a) —y(a) =0, f(@)p1(a) =0,
So that
Y1 (x) —Pa(x) € L fF ()P4 (x) € 1.

As K[x] is a principal ideal ring, there exists a non-zero polynomial ¢ (x) € K|[x] such that
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px) =1

Thus the polynomials which € K[x] and which have a as a root are given by f(x), ¢ (x); f(X) being an

arbitrary member of K[x].

It may be seen that ¢(x) is the lowest degree polynomial which € K[x] and which has a as a root. Also

¢ (x) is irreducible over K[X].
In fact, if
@(x) = @1(x) 2 (x),
Where each of ¢, (x)¢@,(x) is of positive degree, we have
p(a) = 0 either ¢,(a) = 0,0r p,(a) =0

So that o is a root of a polynomial equation over K[x] with degree smaller than that of ¢ (x). We thus

arrive at a contradiction.

If a be any non-zero member of K, we have

9 (x) = (ap(),

So that we may suppose that ¢ (x) is monic, i.e., the co-efficient of the highest degree term is unity.

Then ¢(x) is uniquely characterized as follows:

() o) eK[x]
(i) o) =0
(iii)  @(x) is irreducible over K[x],

(iv)  @(x) is monic.
This polynomial ¢ (x) is usually described as the monic minimal polynomial over K belonging to a.
Consider now any element
f(@) =ay+aa+ ... +a,a™ € K[a].
There exist polynomials g(x) and r(x) such that
fx) = @)q(x) +r(x),
Where r(x) =0 or deg r(x) <deg ¢(x)

fla) =r(a)
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Thus f(a) is expressible as r(o) where the degree of r(x) is less than that of ¢ (x). Also clearly no two

elements r; (@), r» () such that
degr,(x) < degep(x),degr,(x) < degp(x)
can be equal. Thus we see that each element of the integral domain K[a] is uniquely expressible as
by + bya + -+ oo +by_ja™ ! (2)
Where by, by, ... ... ....., by_; € K and n is the degree of ¢(x).
Consider now any element
F(a)/G(a) € K(a)

Since G(a) # 0, G(a) is not a multiple of the irreducible ¢ (x). Thus the greatest common divisor of G(x)
and ¢ (x) is unity.

Accordingly, there exist polynomials

G1(x), 01 (x) € K[x],

Such that
G(x)G1(x) + p()p1(x) =1
G(a)G,(a) =1
So that
F(a)
@ F(a)G,(a),

Where F(a)G; (@) is a polynomial in a.

Proceeding as before, we may now express F(a)G,(a) in the form (2). This shows that each element of

the field K(a) is as well expressible in the form (2) so that we have, in this case,
K(a) = K[a]
Also since each element of K(a) is uniquely expressible as

bo + bla + 0 e wanas +bn_1an_1
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Where by, by, ... .. ....., bp_1 € K and n is the degree of the minimal polynomial € K[x] with a as a root,

we see that the n elements

1, e veevee e e, @1
Constitute a basis of the vector space K(a) over K and accordingly

[K(a):K]=n
We have thus proved the following:

Q) If a is not a root of any non-zero polynomial € K[x], then the simple field extension K(a) is
isomorphic to the field K(x) of rational functions so that K(a) is an infinite non-algebraic
extension of K. in this case a is said to be transcendental over K.

(i)  Ifaisaroot of some non-zero polynomial € K[x] and the minimal polynomial ¢ (x) belonging
to a is of degree n, then the simple field extension K(a) is of finite degree n over K and each
element of the same is uniquely expressible as

bo+ bia + .. +by_qa™ !
Where by, by, ... ev e, by_1 € K.

Thus [K (a): K] = n =degree of the minimal polynomial of a over K.
In this case a is said to be algebraic over K of degree n.

It follows that each element of a finite field extension L of degree n over K is algebraic over K; degree of

each element being <n. in fact the degree of each element of L is a divisor of n. if § € L, we have
KSK@p)cL
So that
(L:K) = (L:K(B)) (K (B):K),
And accordingly (K(B): K) is a divisor of (L : K) which is n.

Another presentation: We shall now investigate the structure of simple field extensions in a

comparatively more advanced manner making use of the Homomorphism theorem for rings.
The mapping

f&x) = f(a)
of K[x] onto K[a] is, as may be easily seen, a homomorphism.
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Let, I, denote the kernel of this homomorphism so that it is an ideal of K[x] consisting of all those members
of the same which have a as a root. As K is a field, K[x] is a principal ideal ring and accordingly I is a

principal ideal of K[x].
Three cases are conceivable:
(i 1=0), (i) I=(2) (iii) I#(0), T#(1).

Case I. Let 1 = (0) In this case, the kernel | consists of only the zero of K[x] so that there is no non-zero

polynomial having a as a root.
Thus the mapping f(x) = f(«) is in this case one-one so that we have
K[x] = K[«a]
From this it follows that
K(x) = K(a)
So that the field K(a) is, in this case, isomorphic to the field K(x) of rational functions of x over K.

Case Il. Let | = (1) This case is not possible for this implies that the kernel consists of all the members of

K[x] and , in particular, the unity | of K is mapped on zero.
Case I11. Let I #(0), I # (1). There then exists a polynomial ¢ (x) € K[x] of positive degree such that
I'= (o))
We have
Kla] = K[x]/(¢(x))
Where a is mapped on [X].
The polynomial ¢ (x) is necessarily on irreducible member of K[x], for K[a] is an integral domain.
Thus ¢(x) is a maximal ideal of the principal ideal ring K[x] and accordingly the residue class ring
Klx1/(¢(x))
is a field. Therefore K[a] is in this case already a field, and we have

K(a) = K|«a]
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Thus the field K(o) is, in this case, isomorphic to the residue class field K[x]/(¢(x)); the ideal (¢(x))

consisting of all those polynomial member of K[x] which have a as a root.

Canonical representation of the members of K[a]: In case a is not algebraic over K, each element of

K(a) is uniquely expressible as
f(@)/g(a)
Where f(x) and 0 # g(x) are arbitrary polynomials of K[x].

Consider now the case when a is algebraic over K and (¢(x)) is the ideal consisting of all those

polynomials of K[x] which have a as a root. Since
(p() = (ap(x)),
Where a is any arbitrary non-zero member of K, we may regard (¢(x)) as monic.
Consider any member [f(X)] of K[x]/(¢(x))
There exist two polynomials g(x) and r(x) € K[x] such that
fx) = @)q(x) + (),

Where r(x) = 0 or deg r(x) < deg ¢(x)
Since

fO) =7rx) = p()q(x) € (9(x))
We have

[f ()] = [r(x)]

Thus we see that each member of K[x]/¢(x) is representable as [r(x)],
Where deg r(x) < n; n being the degree of ¢ (x). This representation is unique in as much as

[r1 ()] = [r2(x)] 2 r1(x) = 12 (%),
If degr(x) < n,degr,(x) < n.
Thus each element of the field K[x]/@(x) is representable as

[bO + blx + e +bn_1xn_1] (1)
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Where n being the degree of ¢ (x). The member of K[a] corresponding to (1) in the isomorphic mapping
of K(a) onto K [x]/¢(x) referred to above is

bO + blx + +bn_1xn_1
Thus we arrive at the result in another manner.

It should be remembered that we compute with the members of K(a)) as we do with the polynomials

modulo the ideal ¢(x).

12.11 Existence of simple field extensions:

In the preceding section, we have investigated the structure of any arbitrary simple field extension K(a)

of a field K on the assumption that the same exists. We have seen that a simple field extension may be
Q) Transcendental or (ii) algebraic

We may note also that any two simple transcendental field extensions of a field K are isomorphic in as
much as each is isomorphic to the field K(x) of rational functions of an indeterminate x over the field K.

thus we may say that there exists only one abstract simple transcendental extension of a given field.

In the following, we shall make reference to the question of existence of the simple algebraic extensions

and see as to what can said in respect of the same.

It will be shown below that every field K such that there exist irreducible members of K[x] of degree

greater than one admit of simple algebraic extensions.

Solution of algebraic equations:

From an abstract point of view, the problem of solving an equation ¢ (x) = 0 where
@(x) € K[x]

Amounts to constructing an extension field L of K such that ¢ (x) as which also € L[x] so that ¢ (x) =

0 has as many roots in L as in the degree of ¢(x).
In this connection, we prove the following fundamental theorem.

Theorem: If ¢ (x) be any irreducible member of K[x] then there exists an extension field L of K such

that ¢(x) = 0 hasaroot in L.
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It has been seen in that if ¢ (x) is an irreducible member of K[x] then the field K(a) obtained on

adjoining a root o of ¢ (x) = 0 to the field K is such that
K(a) = K[x]/[o(x)].
This result provides a clue for the construction of the field L as stipulated in the theorem.
We write
L =K[x]/(¢(x))
And proceed to show that this L can be made into the required field.

Firstly, we see that ¢ (x) being an irreducible member of the principal ideal ring K[x], the residue class

ring L is actually a field.
Secondly, we show that L contains a sub-field isomorphic to the field K.
Consider the mapping
a - [a],
of Kinto L.
Denoting by K’ the sub-set of the elements [a] of L where a € K, we see that
a— [a]
Is a mapping of K onto K’. This mapping is one-one. In fact
[a] = [b] > a—b € (p(x))

And since the degree of each non-zero member of (¢(x)) is positive we see thata—b =0 and

accordingly a =b.
Thus [al=[b] D2a=0b
Also we have
a+b - [a+b]=][a]+[b]
ab - [ab] = [a][b]
Thus the mapping in question, is an isomorphism and we have
K=K'
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As a result of this isomorphism, we identify each element [a] of K’ with the corresponding element a of

K so that we may regard K actually as a sub field of L, i.e., the field L as an extension of K.
As a second step, we show that
[x] €L,

is a root of ¢ (x) = 0 where we now regard ¢ (x) as belonging to L[Xx].

Let p(x) =ay+a;x + ... +ax™
We have
(X)) = ag + ay[x] + -+ . +ay[x]
= [ao] + [ay][x] + - oo +[an][x]"
= [@o + @x + e Fapx™] = [@(x)] = [0] = 0

So that [x] is a root of @(x) = 0.
Thus we have proved the theorem as stated.

Note. By virtue of the result established, each element of the field K([x]) obtained on adjoining a root
[X] of

ag+ax + - Hapx™ =
To the field K is uniquely expressible as
bo + by[x] + -+ . +by_ g [x]71,
Where
bo, by, evevee e bp_q €K,

And we manipulate with the same in respect of addition and multiplication as we do with polynomials

modulo ¢(x).

12.12 Root Field:

A simple extension field of a field K containing a root of an irreducible member of K[x] is called a root

field of the polynomial.
Illustration: Consider
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x% —2x + 2 € J3[x]
The three elements of J3 may be taken as 0, 1, 2.

Since neither 0 nor 1 is a root of x2 — 2x 4+ 2 = 0, we see that x? — 2x + 2 is an irreducible member of
Ja[x].

Denoting a root of x2 — 2x + 2 = 0 by a, we see that the elements of the field J3 (o) are given by
a+ ba
Where a, b range over the elements of Js. Thus J3 (o) is a finite field with 9 elements, viz.
0,1,2,a20,1+al1+2a2+a2+2x

It would be a good exercise for the reader to compute the inverses of the non-zero elements of the field.

12.13 Decomposition field of a polynomial:

An extension field L of a field K is said to be a decomposition field of ¢(x) € K[x], if ¢(x) € K[x] is
expressible as

px)=alx —ay) v v . (x — ),
Where
a€K,a .o e, ap €EL
And if
L=K(@ oo voe v, ).

12.14 Existence of a decomposition field:

Theorem: There exists a decomposition field for everyp(x) € K[x].
The theorem will be proved by induction in respect of the degree of a polynomial.
Let the degree of ¢(x) be n.

The theorem is obviously true for polynomials of degree 1. Suppose that the theorem is true for

polynomials of degree less than n.

Let
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P(x) = P1()P2(X) v v (%)

Where each of the polynomials on the right is an irreducible member of K[x]. clearly K itself is a

decomposition field of ¢ (x) if each of ¢, (x)@,(x) ... ....... @;(x) is of first degree. Suppose that at least

one of them say ¢, (x), is of degree >2. There then exists an extension field K(a1) containing a root a1 of

@1(x) = 0. Thus in the field K(a1), we have a relation of the form
() = (x — a)P(x),
Where the degree of (x) € K(a;)[x]isn-1.
By our supposition there exists a decomposition field
K(a)(@g oo cee ey @) = K(Qq e e e e, @)
of Y(x) € K(ay)[x]. Clearly then,
L=K(@; e voe v, ),

is a decomposition field of ¢(x) € K[x].

12.15 Uniqueness of the decomposition field

It will now be shown that the decomposition field of a polynomial is unique a part from isomorphism,

i.e., any two decomposition fields of a polynomial are abstractly identical.

Theorem: Any two decomposition fields of a polynomial ¢ (x) € K|[x] are isomorphic.

Proof: Also the isomorphic mapping can be so chosen that each element of K is mapped on itself i.e.,

remains invariant and the set of roots of ¢ (x) in one decomposition field is mapped one-one onto the set

of roots of ¢(x) in the other.

For the proof of this theorem, we need to introduce the notion of continuation of isomorphic mappings

and to prove a lemma.

12.16 Continuation of an isomorphic mapping

If
KclLK clL'

Then an isomorphic mapping
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g:L-L
is said to be a continuation of the isomorphic mapping

f:K—>K'
If g(a)=f(a) foreacha € K
Lemma: If f is isomorphic mapping of K onto K’ and if

p(x) =ag+a;x+ ... +ax"
is an irreducible member of K[x] so that
fIp()] = f(ao) + f(a)x + - ... +f(an)x"

is also an irreducible member of K’[x], then the mapping f can be continued to an isomorphism of the
simple extension fields L and L’ obtained on adjoining a root o of p(x) = 0 and a root &' of f[p(x)] =0

to K and K’ respectively such that a is mapped on «'.

It may be easily seen that if p(x) is an irreducible member of K[x], then f[p(x)] is also an irreducible

memberK’.
We have
T:L = K(a) = K[x]/[p(x)],
i L' = K'(a') = K'[x]/[p()]
Also we have the isomorphic mapping

n:K[x]/[p(0)] = K'[x]/[f (p(x))]

Given by
n: [p()] = [f (p(x))]
Here
p(x) € K[x]
Then, as will be shown the mapping
@) e

is the required continuation of f.
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Firstly it is an isomorphic mapping of L onto L’. if a be any member of K, we have
[ nel(@) = () 'nllr(@)] = () Hnlal} = ) Hf (@] = f(a@)
So that ()7t is a continuation of f.
Finally, we have
[ nel(e) = [@) Inllr(@] = @) Hnlx]} = @) U] =«
Hence the Lemma,

Cor. If L, and L,are two simple extensions of a field K each containing a root of p(x) which is an
irreducible member of K[x], then L, and L, are isomorphism may be so chosen that each element of K

IS mapped on itself and one root is mapped on the other.

This follows from the preceding lemma on taking K’ and K as the same field f as the identity

automorphisms of K.

This corollary shows that any two root fields of the same irreducible member ¢ (x) € K|[x] are isomorphic
so that we may say that apart from isomorphism there exists only one root field of an irreducible
polynomial.

It should be noted that this result holds good only for irreducible polynomials, the fields Q(v/2), Q(—v2)
being the simple field extensions of Q each containing a root of the irreducible member x2 — 2 of Q[x]
are isomorphic. On the other hand the simple field extensions Q(ﬁ) Q(V/3) each containing a root of

(x2 —2)(x® — 3) € Q[x] are not isomorphic.

Proof of the main theorem

Let p(x) € K[x] and let L = K(a1, @y, oo cenne, @) M = K(B1, B2y v ven o+, Br)
Let ¢, (x) be any irreducible factor of ¢(x) in K[x] of degree >2.

Then someone of ay, @y, ... ....., @y is aroot of ¢,(x) = 0 lying in L and some one of By,B,, ... ....., Bn
is a root of the same lying in M. without any loss of generality, we suppose that a,, 8, are root of ¢, (x) =

0 lying in L and M respectively.

By the lemma, we have an isomorphic mapping, being a continuation of the identity mapping of K.,

o1: K(aq) = K(B1)
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Where for a; is mapped on f; and each element of K is mapped on itself. In fact o, is a continuation of

the identity automorphism of K.
Let
¢(x) = (x — a;)gi(x)where g,(x) € K(ay)[x]
This gives
P (x) = (x = g1(a1)) oy (a; (%))
= (x = B)or(g:(x))where 01(g:(x)) € K(By)[x]

Let h; (x) be any irreducible factor of g, (x) over K (a;)[x] and h, (x) the corresponding irreducible factor

of 0,(g,(x)) over K(B;)[x]. Some one of the ay, &y, ... ....., ay is a root of g;(x) = 0 and some one of

B, Bay e wev -, Bn is @ 10Ot OF 07 (g1 (x)) = 0.

Again without loss of generality we may suppose, that a, is a root of g,(x) = 0 and f3, of ol(gl(x)) =

0. Then by the lemma, there exists an isomorphic mapping o, of

K(ay)(a;) = K(ay, az) onto K(B1)(B2) = K(By, B2)
Which is a continuation of the mapping g, of K(a;) onto K(f,) and which is such that
oz(az) = B2
Proceeding in this manner, we shall arrive at an isomorphic mapping a,, of
K(ay, @y, oo e, ap) onto K(B1,, e v e ey Br)
of the requisite type
Note 1. The decomposition field of a polynomial is also sometimes referred to as its splitting field.

Note 2. If L, L’ be two field extensions of the same field K and there exists an isomorphic mapping ¢ of
L onto L’ such that o(a) = a for each a € K, then we say that L and L’ are K-isomorphic and that ¢ is a
K-isomorphism of L onto L’. thus if a, 8 are two roots of an irreducible ¢ (x) € K[x], there exists a K-

isomorphism of K(a) onto K(J).

Note 3. Taking M the same as L in the theorem, we see that if L is a decomposition field of ¢(x) over K
and if a, 8 are two roots of an irreducible divisor ¥ (x) of ¢ (x) over K, then the K-isomorphism of K («)

onto K () which maps a on 3 can be continued to a K-automorphism of the L.
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In fact we can think of M as the decomposition field of ¢(x) as belonging to K (a)[x] as well as to

K (B)[x] and the o of the lemma as the K-isomorphism of K(a) onto K(f) which maps a on f.

12.17 Solution of Algebraic Equations

In the foregoing, it has been shown that there exists a decomposition field for every given polynomial
¢(x) € K[x] and the same, apart from isomorphism, is unique. From a pure algebraic point of view, the
study of any given polynomial equation over a field K amounts to that of the structure of the decomposition
field L of the same. In the following, when we come to the discussion of Galois theory, it will be seen that
this study is intimately related to the study of intermediate fields between K and L. this algebraic study is,

however, to be carefully distinguished from that we meet in Analysis.

In Analysis, we have a special field C of complex numbers with a special role such that every number
field can be thought of as a sub-field of the same and the study of polynomial equations consists in

developing methods for approximating to the individual roots of the same.
Normal extension fields

We shall now introduce the notion of a particular type of algebraic extensions known as Normal

Extension
An algebraic extension field L over K is said to be normal over K, if the decomposition field of the minimal

polynomial ¢(x) € K[x] for each element a € L is contained in L.

This means that if L is normal over K and if a € L and if ¢p(x) is the minimal polynomial of x over K[x]
then ¢ (x) can be expressed as a product of linear factors in L[x] or in other words every polynomial

¢(x) € K[x] having one root in the field L has all its roots in L.

12.18 Structure of finite normal extensions

Theorem: Every decomposition field extension is a normal extension.

Proof: Let

be the decomposition field of (x) € K[x]; a; ..........., a, being the roots of y(x)
Let @ € L and let ¢(x) be the minimal polynomial of x over K[x].

Regarding ¢ (x) as a member of L[x], we denote by M the decomposition field of the same so that we

have

KclLcM.
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Let a, B be any two roots of ¢p(x) in M. there exists a K-isomorphism, o, say, of K(a) onto K(f3)
mapping o on f3.
This can be extended to an isomorphic mapping

K(a)[x] = K(B)[x].
Regarding ¥ (x) as belonging to K(a)[x] and to K(B)[x], we can continue the K-isomorphism of K(a)
onto K(P), to the K-isomorphism ¢’, say, of the decomposition fields

K(a, [0 SR , ), K(B, [0 SPRRT , 0n)
In this latter isomorphism, a is mapped on 3 and the set @y, ... ... ... , &, 1S mapped one-one onto itself. As
a €Land ay, .. ... ... ,y, €L,
We see that a is a rational combination of a finite number of elements of K and of a4, ... ... ... , Oy

Subjecting this relation to the isomorphism ¢’°, we see that [ is as well a rational combination of a finite

number of elements of K and of a4, ... ... ... , &, This shows that g € L.
Hence the result.
Converse of the preceding theorem: Every finite normal extension field is a decomposition field.
Let
L=K(Bq, o vnvueee, Br)

be a finite normal, extension of K. each Sy, ... ... ....., B, is algebraic over K. Let ¢, (x), ... ... ... , Or(x) be
the minimal polynomials over K belonging to f, ... ... ....., B respectively. As L is normal over K and
contains one root of each of ¢, (x), ... ... ... , or(x), we see that the decomposition field of each of these

polynomials is contained in K. thus L is the decomposition field of
P(x) = @1(x), oo e , r(X)
Over K.

Note. From the preceding we see that so long as we deal with finite extension fields of a field K, the
totality of normal extensions coincides with that of the decomposition fields of the polynomials over K
so that the concept of finite normal extension field turns out to be equivalent to that of a decomposition
field.

Theorem: If L is a normal extension of K and M is an intermediate field so the
KcMclL,

Then L is also normal over M.
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Proof: Let « € L and let ¢p(x), Y (x) be the minimal polynomials belonging to a over the fields K and M

respectively.
Now
¢(x) € K[x] 3 ¢(x) € M[x],
¢(x)and P (x) is the minimal polynomial over M satisfied by a, so that we see that
P(x) Il p(x)

So that each root of ¥(x) in L is as well a root ¢p(x) in L. also each root of ¢(x) belongs to L. thus each

root of Y (x) belongs to L. Thus L is normal over M.
Hence the theorem.

Note. It should be seen that in the preceding case, M may not be a normal extension field of K.

12.19 Separable polynomials, separable elements and separable field extensions

A slight complication arises in the course of the development of the theory of algebraic field extensions
on account of the existence of what are known as inseparable polynomials over a field and accordingly
the concepts of separable and inseparable polynomials over a field will now be introduced.

12.20 Multiple roots

Let ¢(x) € K[x] and let L be the decomposition field of ¢»(x) or any extension field of K over the

decomposition field L. Now, if ¢ € L is a root of ¢(x), we have

(x —a)/¢p(x) in L[x]
It may, however, happen that a higher power of (X — o) than one is a factor of ¢(x) in L[x]. Suppose that
r>1is a positive integer such that (x — o))" but not (x — a)** is a factor of ¢p(x). We then say that o is a

multiple root of multiplicity, r, of ¢(x). A non-multiple root is known as a simple root.

12.21 Separable and inseparable polynomials

An irreducible ¢ (x) over afield K is s to be separable over K, if the roots of ¢ (x) in its decomposition
field are all simple. Also any arbitrary polynomial over K is said to be separable over K if each of its
irreducible factors over K is separable. A polynomial which is not separable is known as inseparable.

It is not correct to say that a polynomial over K is separable if it has only simple roots. Thus if y(x) is

irreducible and separable over K, [1(x)]? is also separable over K.
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12.22 Characterization of Separability

To find the condition for separability or otherwise of a polynomial, we have to introduce a linear

transformation in a polynomial domain which formally is the same as that of Derivation in Analysis.
Thus if

dp(x) =ay+a;x+ .. +a,x™ € K[x]
Then, by def., we write

¢'(x) = as +2a,x + .. +na,x" 1,
So that ¢'(x) is also a member of K[x]. we say that ¢’ (x) is the derivative of ¢»(x). The mapping

P(x) = ¢'(x)
may be easily seen to be a linear transformation in K[x]. In fact, we may show that
fO) =) +9'(x) 3 f'(x) =¢'(x) + ¥ (%),
gx) =ap(x) 2 g'(x) =adp'®, ac€k.
Further, if
h(x) = ¢(x)P(x)
we may show that
W' = "Y' (x) + Y)Y’ (x).

Since the product of ¢ (x) with ¥(x) is a linear combination of power of x, we need only prove the

result for products of two powers of x. thus consider
') =x",  P)=x°
So that
h(x) = x"+8
W (x) = (r + 8)x" 81
h'(x) =@ x""1)x® + (8x8 Hx"
R (x) = ¢'(Pp(x) + 9" (x)p(x).

This proves the result.

12.23 Condition for multiple roots:

Theorem. If a is a multiple root of ¢'(x), then it is also a root of ¢'(x). Conversely, if a is a simple
root of ¢ (x), then ¢'(x) # 0.
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Proof: Let, a, be a multiple root of ¢(x). Then we have a relation
¢(x) = (x — ) P(x),
Where ¥(x) € K(a)[x] and r > 1
') =r(x—a) Pl + (x — )P (x)
So that
¢'(a) =0
Now suppose that a is a simple root of ¢ (x), so that we have
¢(x) = (x — )P(x)
Where Y(x) € K(a)[x]and Y (a) # 0
P =) + (x — )y’ (x),
So that
¢(a) =9(a) #0
Hence the result.
Condition for separability:
Theorem: Let ¢(x) be irreducible over K. then

Q) If the characteristic of K is zero, ¢(x) is separable over K;
(i) If the characteristic of K is p # 0, ¢(x) is separable over K except when it is expressible as
d(xP).
Proof: Let ¢(x) = ay + ayx + azx? + - ...... +ax", a, # 0
¢ (x) = a, +2a,x + - ...... + apx™ !
Let o be a multiple root of ¢(x) € K[x] so that o is also a root of ¢'(x) € K[x]. As ¢(x) is the minimal

polynomial belonging to a, ¢'(x) is necessarily a product of ¢ (x) with some member of K[x]. Since,

however, the degree of ¢'(x) is smaller than that of ¢(x) we must have
¢'(x) =0
Thus we have a; =0,2a,=0,..........,na, =0
For a field K of characteristic zero, this can only happen, if
a;=0,a,=0,.........,a,=0

i.e., if the degree of ¢(x) is non-positive.
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Thus no irreducible polynomial over a field of characteristic zero can have multiple roots and accordingly

every polynomial over a field of characteristic zero is separable.
Suppose now that the characteristic of K is p. from (1), we deduce that ax = 0 if k is not a multiple of p
So the ¢ (x) is of the form

ag + a xP + a,x?? + - .. ...
I.e., it is a polynomial in xP.
It may very well happen that ¢(x) is a polynomial in xP*. For the sake of generality, we suppose that
$(x) is a polynomial in x®) but not in x@“*. Let
B (x) = (xP°) = ¥(y), where we write y = xP°.
We cannot have ¥ (y) = 0 for it it were so, we would have

PY(») = x(yP) = x(xP"),

Which would be a contradiction of the hypothesis.

Thus ¥ (y) € K[y] would have only simple roots in an extension field of K. suppose that M is the
decomposition field of ¥ (y) over K.

Let
YO =@ =B . (V= B)
Where By ... ... e oo ..., B¢ are all distinct members of M.
() = (xP° = B1) e (P = By)
in the decomposition field L of ¢ (x), there will exist roots a; ... ... ... cev oo, @ O
XPS = By, P — By
respectively. We have
afe = By, e e ....,afe =B,
xP" — By = xP° — afe = (x — ay)P’, etc
H() = (x — )P e (6 — )P’

This shows that ¢(x) = 0 has only t distinct roots and each root has multiplicity p€. Thus

n = tp¢;
n being the degree of ¢ (x). The natural number e is known as the exponent of ¢ (x). We have thus proved
the following:
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For a field K of characteristic p > 0, an irreducible ¢ (x) over K has multiple roots if and only if it is a

polynomial in xP. Also if ¢(x) is a polynomial in xP, each root is of the same degree of multiplicity p¢; e

being some natural number. This e is such that ¢ (x) is a polynomial in x?°*".

12.24 Separable elements

An element o algebraic over K is said to be separable over K, if the minimal polynomial over K belonging

to a is separable.

Separable extensions:

An algebraic extension L of K is said to be separable if each element of L is separable over K.
In case an element or a field extension is not separable, we say that the same is inseparable.

It follows from the preceding that every algebraic extension of a field of characteristic zero is necessarily
separable over the same so that inseparable extensions can occur only for fields of non-zero characteristic.

Thus in respect of number fields, the concept of inseparability becomes trivial.

Theorem: If K ¢ M c L and L is a separable extension of K, then L is a separable extension of M and

M is a separable extension of K.
The proof which is very simple is left to the reader.
Characterization of Separable elements:

We have already obtained a characterization of separable polynomials over a field and shall here obtain
that of separable elements over a field.

Theorem: If a is separable over K. then the field K(a) has precisely [K(a); K] distinct K-isomorphic
images in the decomposition field L of the minimal polynomial ¢(x) over K belonging to o and

conversely.
Proof: Let n be the degree of ¢(x) so that
[K(a):K]=n
Let, « be over the field K then
A =01, Ay ee eee eee e, Ay

of ¢(x) = 0 are all distinct.
The field K(a) = K(a,) is K-isomorphic to each of the n field.

K(ai) = K(an)
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The isomorphism’s being determined by
A= U A Uy e e e e e e, A= Ay
Thus these K-isomorphism’s are all distinct.

Now suppose that some field K; € L is K-isomorphic to K(a)) and as a result a mapped on some a’ € L.
We then have

0=¢(a) > pa’)=0
So that a' is itself a root of ¢(x) in L and as such it coincides with some one of a4, as, ... ..... a,.
Thus we have the first part of the theorem.
Conversely suppose that n distinct sub-fields.
Ky oo oo e Ky
Avre just the sub fields of L which are K-isomorphic to K(a) and let, as a result, o be mapped on
A1, Az, een eee Ay

Then ay, ay, ... ..... a, are the n distinct roots of ¢(x) = 0 The degree of ¢(x) being n, we deduce that

the same is separable over K.
Thus we have proved the complete theorem.

Note 1. It is useful to note that if M o L, then the number of distinct K-isomorphic images of K(a) in M
IS the same as that in L.

Note 2. From the above, we deduce that a will be inseparable over K; if and only if the number of
distinct K-isomorphic image of K(a) L falls short of the degree of o over K which, by def., is the same
as the degree of K(a) over K.

12.25 Separable extensions generated by separable elements

Theorem: If a is separable over K, then so is K(a)) separable over K.
Proof: We have to show that every element 3 of K(a) is separable over K.

Let L be the decomposition field of the minimal ¢ (x) over K belonging to a.
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Since L is normal over K and S € L, it contains the decomposition field of the minimal polynomial for 3

say ¥ (x), over K. we have
K cK(B) cK(a) cL.
Let K(PB) have in all b distinct K-isomorphic images in L and let  be thus mapped on
B = B1, B2 e e e B
Which are b distinct elements of L.
Also let K(a) have in all a distinct K(j)-isomorphic images in L and let a be thus mapped on
(oA S+ 2 N s o9
Which are a distinct elements of L. Then the mappings
p - B a-a;, 1<i<b; 1<j<a

Determine ab distinct K-isomorphic images of K(a) in L. also clearly every K-isomorphic images of K()

in L is thus describable.
As a is separable over K, we have
[K(a):K] = ab
Also a<[K(a):K(B)],b < [K(B):K].
Since
[K(a): K(BIIK(B):K] = [K(a):K] = ab

We deduce that, we must have

[K(a):K(B)]=a,  [K(B):K]=D
Thus B is separable over K and hence K(a) is a separable extension of K.

Cor. The decomposition field of a separable polynomial ¢(x) € K|[x] is a separable extension of the field
K.

12.26 Simplicity of finite separable extensions

Theorem of the primitive element

Theorem: Let a, B be separable over K. then K (a, B) is a simple extension of K.
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We shall, in the following, assume that K is a field with an infinite number of elements. The case of a
field with a finite number of elements will be taken up a little later in this chapter when we come to the

consideration of finite fields.

Let ¢ (x), Y (x) be the minimal polynomials for a and  respectively over K and let L be the decomposition

field of the polynomial
¢(x), (%)
We suppose that
degp(x) =m,  degyP(x) =n
A= 01, 0, ey A oee e e , U
B =B1, B e cveees By wee e e B

Be the roots of ¢(x) and ¥ (x) in L. these roots are all distinct as a and [ are given to be separable over
K.

Consider now the m(n — 1) linear equations
a; +xBj = ay +xpy, 1<i<m2<j<n

over L. for each i and each j # 1, this equation has a single root in L so that we obtain m(n — 1) elements
of L, being the roots of these m(n — 1) equations. Some of these elements may belong to K. As K is
assumed to contain an infinite of elements, there exists an element ¢ € K different from those referred to

here. We write
0=a,+cfi=a+cp
And see that
K(0) € K(a,p)
Consider
P(x) € K(O)[x], (6 — cx) € K(6)[x]
It may be easily seen that the only root common to
PY(x) =0,¢(0 —cx) =0
is B so that x — S8 is the greatest common divisor of Y (x) and ¢ (8 — cx). Since
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P(x) € K(O)[x], (6 — cx) € K(6)[x]

We see that

x — B € K(6)[x]
Thus

B € K(6)
Thus also
a=6-cpeK®)

K(a,p) € K(0)

Thus

K(a,B) = K(6)

Cor. Every finite separable extension is simple. This follows from the preceding as a result of a finite

number of successive applications.

12.27 Summary

One can say that L is an extension field or simply an extension of K. Consider any field L and the family
of all its sub-field. Let I" denote the intersection of this family of sub-fields. Then I is obviously a prime
field in the sense that it possesses no proper sub-field. A prime field is either isomorphic to the field Q of

rational numbers or to the residue class field Jp for some prime p.

The field C of complex numbers is known to be such that the only irreducible members of the polynomial
ring C[x] over the same are those of degree one. In other words, every polynomial of the nth degree over

the field C of complex number has n roots belonging to the field.
If K, L, M are three fields such that
KCcLcEM
Then M is a finite extension of K if and only if M is a finite extension of L and L a finite extension of K.

An extension field L of a field K is said to be algebraic over K, if each element of L satisfies a non-zero

polynomial equation over k.
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Let L = K(a) be a simple field extension of K. it is proposed here to study the structure of K(a).

Every decomposition field extension is a normal extension.

12.28 Terminal Questions

1. Define the field extensions.

2. Explain the simple field extension.

3. Write a short note on decomposition field of a polynomial.

4. What do you mean by separable and inseparable polynomials?

5. Show that a polynomial of the second or third degree is a reducible member of K[x] if and only if the
same has a root in K.

6. Show directly from definition that Q(v2), Q(v2,v/3) are algobraic over Q.

7. Show that Q () is an infinite non-algebraic extension of Q.

8. Show that the field C of complex numbers is incapable of algebraic extension.

9. Show that every field extension L of degree 2 over K is necessarily normal over K.

10. Show that Q (+v/2,+/3) is a decomposition field of (x? — 2)(x? — 3) € Q[x] and verify by considering

the elements v2, +v3, (V2 — +/3) that the same is a normal extension of Q.
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Unit 13: Galois Theory-I

Structure

13.1  Introduction

13.2  Objectives

13.3  Galois Theory

13.4  Galois Extensions

13.5 Fundamental Theorem of Galois Theory
13.6  Summary

13.7 Terminal Questions

13.1 Introduction

The Portals are now reached and Galois Theory is introduced in unit in the setting of the theory of finite
field extensions. This unit is devoted to developing criteria for Solvability by radicals and Constructability
by Ruler and Compass the vindicating the rise of Galois Theory. This theory which arose in an attempt to
solve a type of problems in connection with the theory of algebraic equations will be taken up now. The

actual problems will be taken up in the following unit.

Let L be a finite, separable and normal extension of a field K. Then the group of K — automorphisms of L
is called the Galois group of L over K and will be denoted by the symbol G(L/K). It will be seen that we
are here defining Galois Theory groups of Extensions which are finite, separable as well as normal. Galois
Theory for field extensions which do no satisfy this condition is beyond the scope of this unit. While for
each element of the Galois group G(L/K), each element of K is necessarily invariant, it is conceivable
that some elements which do not belong to K are also left invariant by the members of the group G. it will,
however, be shown in the following that this possibility cannot actually arise for the types of extensions

under consideration.
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13.2 Objectives

After studying this unit, the learner will be able to understand the:

" Galois theory
= Galois Extensions

" Fundamental theorem on Galois Theory

13.3 Galois Theory:

When we can find the solutions for a polynomial with rational coefficients using only rational numbers
and the operations of addition, subtraction, division, multiplication and finding n'" roots, we say that p(x)

is soluble by radicals.

Using Galois Theory, you can prove that if the degree of p(x) < 5 then the polynomials is soluble by
radicals, but there are polynomial of degree 5 and higher not soluble by radicals. Galois Theory is
concerned with symmetries in the roots of a polynomial p(x). For example, if p(x) = x? — 2 then the
roots are ++/2.Galois Theory has applications in classic problems such as squaring the circle and the
determining solvability of polynomials as well as in number theory, differential equations and algebraic
geometry. Galois Theory, originally introduced by Evariste Galois, provides a connection between field

theory and group theory.

In other words, Galois Theory uncovers a relationship between the structure and the structures of fields.
It then uses this relationship to describe how the roots of a polynomial related to one another. More
specifically, we start with a polynomial f (x). Its root lives in a field called the splitting field of f (x). These
roots display a symmetry which is seen by letting a certain group called the Galois group of f(x) act on
them. And we can gather information about the group structure from the field structure and vice versa via

the Fundamental theorem of Galois.

Galois Theory is a showpiece of mathematical unification bringing together several different branches of
the subject and creating a powerful machine for the study of problems of considerable historical and

mathematical importance.
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13.4 Galois Extensions:

An extension E of F is called a Galois extension if (i) E/F is finite (ii) F is the fixed filed to a group of

automorphisms of E.
We first find a necessary and sufficient condition for a finite extension to be Galois.

Theorem 1: Let E/F be a finite extension. Then E/F is a Galois Extension if an only if it is both

normal and separable.

Proof: Let E/F be a Galois extension. Then F is the fixed Filed of a group G of automorphisms of E. By

Artin's theorem, Since E/F is finite, G is also finite.

Let G={og,=10,.... ,On}

Let a€E. Leto;(a)=qa;i1=1,2,...,n.

Suppose a; = gy, Gy, ceeeeeeee. o, are distinct element of {a,, a,,......a, }.

Let S={a;,a,...,a.}. ThenSCE.

Now 0;(a;) = 0y0,(a) =0x(a)= oy €S.

So,0;:S->Sforallj=1,2.... , N. Since g; : E -E is one- one, So is gy : S—S. Also, S is finite = o :

S-S is onto .Therefore, o; is a permutation of S for all j.
Let fx)=(x-ay) ... (X-a,)
=x" 4+ x"T 4 L+ xT
Now a;(f(x)) =(X-oa;(ay)) ... (X - or(a,))
=(X-a) ... (x - a,) = f(x) for all t.
So, x" + 0, ()Xt op(x) = xT o X7 L+,
= oa;)=aq;foralltandi
= a; belongs to the fixed field of G
= q; €F, foralli
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= f(x) € F[x].
Let g(x) be a monic irreducible factor of f(x) in F[x].
Let a; be zero of g(x) in E. Now a; = 0(a) = g0~ *(a;)=, (a;). S0 a; is a zero of g(x) in E.
= o,(a;) is a zero of ,(g(x)) = g(X) InE
= a; is a zero of g(x) in E for all
= g(x) =f(x)
= f(x) = Irr (F,a).
Since a is a simple zero of f(x), a is separable over F. So, E/F is separable. Also f(x) splits in E[X].
= E/F is normal.
Conversely, let G be the group of all F-automorphisms of E. Let F" be the fixed field of G.
ThenFC F cEando (G)=[E:F].
Since E/F is separable normal = E/F' is separable, normal.
Therefore, there are exactly n = [E : F] F- automorphisms of E.
=20(G)=n=[E:F]=n=>[F:Fl=1=F=F.
= F is the fixed field of G = E/F is Galois.

Cor. 1: Let E/F be finite extension. Then E/F is Galois if and only if F is the fixed field of the group of

all F-automorphisms of E.

Proof: Let E/F be Galois. Then from above E/F is finite, normal, separable. Again by converse part of the

above result, F is the fixed filed of the group of all F-automorphisms of E. Converse, follows by definition.
Cor. 2: Let char k = 0 Then k is contained in some Galois extension of k.

Proof: Let f(x) be non-constant polynomial in k[x]. Let E be minimal splitting field of f(x) over k. Then

E/K is finite normal. Since char k =0, k is perfect = E/K is separable. So, E/K is Galois.
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Note: When E/F is Galois, the group of all F- automorphisms of E is denoted by Gal (E/F) or G(E/F)
called the Galois group of E/F.

Theorem 2: Let E/F be a finite extension. Then E/F is contained in a Galois extension if and only if

it is separable.

Proof: Let E/F be a contained in a Galois extension E'/F. Then F S E C E'".

Now E'/F is Galois = E'/F is separable = E/F' is separable.

Conversely, let E/F be separable. Since E/F is finite, E = F (a4, ay,....., ay,).

LetPi=lIrr (F, a;), ¢; € E

a; € E = q; is separable over F

= a; is simple zero of p; for all i

= each zero of p; in a splitting field is simple

Let f=]], p; Then F € k[x] < E[x], and f splits in some extension of E.

Let L be a minimal splitting field of f(x) over F

Then L = F (zero of f in an extension of E)
=F (ay, Ay, ... ..... ay, zero of f other than «;’s in an extension of E)
= E (zero of f other than «; s in an extensin of E)

= =FCE CL

Also, L is generated by separable elements over F (as each zero of f in an extension of E is simple and is
a zero of an irreducible polynomial of p; € F[x]) = L/F is separable = E/F is contained in a separable

extension L/F.

Theorem 3: Let E/k be Galois and F be any extension of k. Then EF/F is Galois and G(EF/F) is
isomorphic to a subgroup of G(E/K).

Proof : Since E/k is Galois, E/k is finite normal. So, E is a minimal splitting field of some polynomial f(x)
€k [x].
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Let f(X) = < (X- a1) (X - @p)...... X - ay,), a; €EE, a €k.
Then E=k(ay, az .. ..., ap).

Also, E/k is separable = each «; is separable over k. Now k € F € EF and «; is separable over k = «; is

separable over F.

Again, E=k(ay, az, e o.. )

= EF =FE =Fk (a1, ay, o oo.. aty) = F (a1, a3, o .. @p) aSK S F
= EF is a minimal splitting field of f(x) over F

> EF/F is finite normal.

Also, EF is generated by separable elements over F = EF/F is separable .
So, EF/F is Galois.

Let o € G (EF/F).

Letf=« f;f5...../r where each f; is monic irreducible polynomial in k [x].
So, each a; is zero for some f; € k [X].

Since a;is separable over k, «a; is a simple zero.

Let S ={ay, a3, ... ...ay} . Thena; isazeroof fin E C EF

= o(a;) isazeroof o(f)=finEF = a(a;) €S.

So, {o(ay), ag(ay), ..cccouunnn. o(ay)}={ay, ay, .......a,}

=0 (E) =k (o(ay), o(ay), ........ o(ay)) =k (a1, @y, oo o..ay) = E

= o restricted to E belongs to G(E/k)

Define 0 : G (EF|F) » G(E/K) s.t.,

0(o) = o|E

Then 6 is a homomorphism.
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Also 6 isone-one as lE =1 = ag(a;) foralli = o(a) =aforalla € EF as EF = F(aq, a3, ......... ay) and

o fixes each element of F = o | on EF.

So,  G(EF/F) = 6 (G(EF/F)) < G(E/F).

Cor. 3 If E/k is Galois and F, an Extension of k, then [EF : F] divides [E ; K].
Proof . By above theorem, EF/F is Galois

= [EF : F] = o(G(EF/F))

Also,  [E: K] =0(G(E/K))

But 0 (G(EF/F))< G (E/F)

= 0(6(G(EF /F)) divides o (G(E/F))

=0(G(EF/F)) divides o (G(E/F)

=|[EF : F] divides [E : k]

Remark : The above corollary need not be true if E/K is not Galois. For example, let k = Q let a be the

real cube root of 2. Then, aw, aw? are roots of f(x) = x3-2in C.
Let E=Q (aw), F=Q (a)

Then EF = Q(aw) Q (@) = Q (a, aw) = Q (a,V/3i)

So [EF: F] [F(V3i):F] =2
while [E: k] = [Q (aw) : Q] = deg Irr (Q, aw)
= deg f(x) = 3.

13.5 Fundamental Theorem of Galois Theory:

The Fundamental Theorem of Galois Theory is one of the most elegant theorems in mathematics. Look at

Figures 5.1 and 5.2 Figure 5.1 pictures the lattice of subgroup of the group of field automorphisms of
Q(V/2 . i). The integer along an upward lattice line form a group Hi to a group Hz is the index of Hy in Ha

. Figure 5.2 shows the lattice of subfields of Q(3/2 . i). The integer along an upward line from a field K
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to a field Kz is the degree of K> over K1, Notice that the lattice in Figure 5.2 is the lattice of Figure 5.1
turned upside down. This is only one of many relationships between these two lattices. The Fundamental
Theorem of Galois Theory relates the lattice of subfields of an algebraic extension E of a Field F to the
subgroup structure of the group of automorphisms of E that send each element of F to itself. This

relationship was discovered in the process of attempting to solve a polynomial equation f(x) = 0 by
radicals.

Before we can give a precise statement of the fundamental Theorem of Galois Theory, we need some
terminology and notation.

Figure 5.1

Figure 5.1 Lattice of subgroups of the group of field automorphisms of Q(3/2. i), where a : i— i and V2 —
V2 Bi— -iand V2 - V2.

Figure 5.2 Lattices of subfields of Q(V2. i).
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Check your progress

Q.1. Write a short note on Galois theory.
Q.3. Define the Galois extensions.
Q.3. State the fundamental theorem of Galois theory.

Theorem 4: (The fundamental theorem of Galois Theory). Let E/k be Galois Let G= G(E/K) be the

group of all k-automorphisms of E. Then

Q) There is one-one correspondence between the sets A = {F\F = field, k€ F S E B={H\H
<G} which is an order inverting bijection.

(i) F € A is the fixed field of the subgroup H € B corresponding to F and H € B is the group
H* automorphisms of E, Where H* is the fixed field of H.

@iii)  If His the subgroup of B corresponding to the field F in A then o(H) = [E : F] and [G : H]
= [F: K].

(iv)  If Hi, H2€ B corresponding to Fi1, F2€ A respectively, then F1, F2 are conjugate under an
automorphism o € G if and only 671 Hio = Hz.

(v) If H € B corresponds to F € A then F/k is normal if and only if H is normal subgroup of G

and in that case, G(F/k) = %
Proof : Define 6 : A — Bs.t.,
0 (F)=F*
Where F*={c € G| ag(x) =x forall x € F}. Then F* € B
Similarly, define 0 : B - A s.t,,
0 (H) =H*
Where H* ={x € E| a(x) =x forall o € H}
Then H* € A, is the fixed field of H.
Let F1, F2€ A, such that F1 CF»

Let ¢ € Fo*Then g(x) = x forall x € F»
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= o(X) =x forall x e Fras F1 CF;

= 0 € F1* = Fx* cF* = 0(F2) < 0(F1) = 6 is an order inverting map.
Similarly, ¢ is an order inverting map.

LetHe BTheno e H= o(X)=xforall x € H* = ¢ € H**= HC H**
AlsoxeF(FE A, ,)= a(X)=xTforall c € F*

= X belongs to the fixed filed of F*

= X € F** = F CF* = H Then H** = F***

Now H cH**= F*cF***forall F € A, ,

Also, F CF** = 6 (F**) € 0 (F) = F*** cF* for all F € A, So, F* = F** Similarly H* = H*** for all
HeB.

Now 8 is one-one onto if and only if 8¢ = Identity if and only if H = H** for all H € B and F = F** for
alFe A

Let H € B Then H* = F is the fixed field of H.

By Artin theorem o(H) = [E : F];

Also o(H**) = [E: H***] = [E: H*] = [E : F]

So, o(H)= o(H**). But H cH**. Therefore, H = H**

Let F € A Then k cF CE.

Now E/k is Galois = E/F is Galois = F is the fixed field of the group H of all F- automorphisms of E.
= H < G=H e B.

Now H* = Fixed field of H = F = H*** = F** = H* = F**= F=F**forall F € A

Thus, 6 one-one onto.

This proves (i),
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(ii) Let F € A Let 6(F) = H Then F* = H = F**= H* = F is the fixed field of H.
Let H € B Then there exists F € A, Suchthat® (F)=H= H=F*
Let o € H Then ¢ € F* = o(x) = x for all x € F = ¢ is an F-automorphisms of E.
Conversely, let o be an F- automorphisms of E.
Then o(x) =xforallx e F= o € F*=H.
So, H is the group of all F = H*-automorphisms of E.
(iii) By Artin theorem

o(H) = [E:H*]=[E: F]

0(6) _ [E:

k
[G:H] =22 = T =[F: K]

(iv) Suppose F1,F2€ A are conjugate under o € G. Then a(F;) = F,
Lety € F, Theny = o(z), z € F, Therefore o™ (y)=z
= 10}(y) = 1(2), forall T € Hy

= o101 (y) = 01(2) =0(z) forall T € H;

= ool (y) =y, forallt €Hi, yEF

= og10 € Hy, forall T € Hi

= o Hio'CH;

LetaeFiTheng(a)=beF

= no(a) =n(b) , foralln € H>

= no(a) =(b), forall n € H

= olno(@)=ocl(b)=a foralln e Ha€F

= olno €H, foralln € Hy

= o1 Hyo € Hy
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= H,S o Hio?
So, Hz=oHio?
conversely, let H, = gH1 a1 for o € G.
Lety € F2, Now orot € H Forall T € H»
= otol(y) =y
= 10(y) = a(y)=2
= 1(2) = z, forall T € Hy
=zekF;
=Yy =0(z) € a(F1)
= F2C o(Fy)
Letx € FiNow ono € H1  Forall n € H
= olno(x) =x
= no(X)=0o(X) X
=71 (x)=x foralln € H;
=X €F
= d(Xx) € F
= o(F1) € F2
So, o(F1) = F2 = F;are conjugate under o.
(v) Suppose F/k is normal. Since E/k is finite, So is F/K Therefore, F/K is finite normal
= F is a minimal splitting field of some f € K[x].
Let f=a(X-ai)...X-an),ai€E, a k.
Then F=k(a1, az,

an).
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Let o € G. Then ¢ is k-automorphisms of E= a(f) = .

= f=a(X-o(ay))..... X-o(ay))

= o(ay), ..... a(a,) are zeros of fin E

={a;, ay, ... yan}={a(ay),...a(ay)}
So, o(F) =k(o(ay),....0(ay))

=k(ay,...., ay) =Fforall o € G.

By (iv), ocHo=Hforall o€G

= H is a normal subgroup of G.

Conversely, let H = F* be normal subgroup of G. Then 6 'Ho = ¢ forall o € G.
= o(F) =Fby (iv) forall 0 € G

Leta € F, p(x) = Irr (k, @)
Since E/k is normal and a € E, we find p(x) splits in E.

Let 3 be a zero of p(x) in E.

Then a, B are zeros of p(x) in E.

= there is an isomorphism 6 : k(a)—- k(B) s.t.,

0 (a) =B, 06(a) =aforall a e k.

Since B € E, k (B) € E. So 6 is a k-homorphisms from k(a) to E.

Since E/K is finite normal, 6 can be extended to k-automorphisms o of E. So, o € G.
Now g(a) = 0 (a) = and o(a) € o(F)=F= B € F.

Thus, p(x) splits in F=F/K is normal.

Let H be a normal subgroup of G. Then the corresponding field F is normal over k from above. Since E/k
is Galois, So is F/k, Let N = Gal (F/K)
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Define ¥ : G- Ns.t,,

Y(o) = &, where & is the restriction of o on F.
(SinceH<G,0"'Ho=H= o(F)=F)
Leto,n € G.

Then o7 (a) = (on) (), a€F

=0 m(a)), n(a)€F

=a(n(a)

=a(77(a)

=(on) (a), foralla e F

= on= o1

=¥ (on) = ¥ (o) ¥(1)

= W is a homomorphism

Letd € N. Then € N. Then 6 can be extended to k-automorphisms ¢ of E= 0 € G

= ¥ (0)=0= 0.S0 Wisonto. Now o € Ker¥ & W (o) = Identity of N & & ldentity of F & & (a)=

a forall « € F.

The result now follows by using fundamental theorem of homomorphism.
Example 1: (i)Let E be aminimal splitting field of f(x) = x3 -2 over Q.
Solution. Let a be the real cube root of 2.

Then E = Q(a, aw, aw?) = Q(a,V3,i) = Q (a, aw) = Q (a, w)

Also, [E :Q] = 6 Since char Q= 0, E/Q is separable (as Q is perfect= every algebraic extension of Q is

separable.)

Also, E is a minimal splitting field of f(x) over Q = E/Q is finite normal.
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So, E/Q is Galois

Let G = G(E/Q) be the group of all Q-automorphisms of E.

Then Q is the fixed field of G, By Artin's theorem o(G)= [E : Q]=6

Since a, aw are roots of f(x) there exists Q-isomorphisms

0y - Q(a) » Q(aw) s.t., ap(a) = aw

Let g(x) = x? +x+ 1, then g(x) is irreducible over Q(a) € R and o, (g(x)) = g(X) is irreducible over Q(aw)
Since w, w are roots of g(x) there exists an isomorphism

0:Q(a,w)=E - Qaw, a) =Es.t,

o(W)=w, dgl@)=0g, (@) =aw, gla) =0, (a) =avVaeQ

Thus ¢ is Q-automorphism of E, o # |.

Also w, w ?are roots of g(x) which is irreducible over Q () and 3 Q (a) is isomorphism
7:Q(a, w)=E->Q(a,w? =E,s.t,

T(w)=w?, (@) =a

and so t is Q-automorphism of E, t # |

Now o2(a) = aw?, 6?(w) = w

(1) (@) = aw, (07) (W?) =w?

(0%7) (@) = a w? (6%7) (w?) = w?

Since o(G) =6, G ={l, g, 62, 1, 0T, 01}

Also (o7) (@) = t(aw) =a w?, 10 # ot

So G is a non-abelian group of order 6 and so G = S3
Denote aw by 1, aw?by 2 and aw® by 3 and we get
7=(12), 0T = (13), 62T =23, 0 =(123), 02 = (132)
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Writet = 0,,0 =03, 0T =0y, 02 =05 and 62T = oy

Then G ={ |, 0;, 03, 04, 05, G }

Subgroup of G are: H1 = {l, 05}, H2 ={l, a,}, Hs ={l, 65}, Ha = {l, 03,05}, Hs=G, He = {I}.
Let F1 = H1*, the fixed field of Hi .

Now H; fixesa = Q € Q (o) € F1S E.

But[Q(a): Q] =3,[E:Fi] =[E:Hi*]=0(H1))=2and [E: Q] =6 = F1=Q ().
Let F2 = Ho* the fixed field of H:

Then F2=Q (aw?) and F3, The fixed field of Hz is Q(aw)

Let F4= Haq* the fixed field of HsNow Hs fixes v3i = Q< Q (v/3i) € F4 S E.
Since [E : F4] = 3[QV3i:Q] =2 [E: Q] = 6, F4=Q (V/3i).

Clearly, Fs, = Fixed field of G =Q and Fs Fixed Field of Hs = E.

So, we have 6 intermediate fields between Q and E corresponding to 6 subgroup of G. Since Hi, Hz, H3
are not normal, F1 /Q, F2 /Q, F3 /Q are nor normal. also Ha, Hs, He are normal subgroup of G, and thus F4
1Q, Fs /Q, Fs /Q are normal subgroup of G.

(i) Let E be a minimal splitting field of f(x) = x* +1 over Q.

Solution. Then a, a3, a®, a” are roots of f(x) where a = cos % +i sin %
and E = Q(a) = Q(a®) = Q(a®) = Q(a’)

Then [E: Q] =[Q(a) : Q] =deg Irr (Q, a) = deg f(x) = 4.

Char Q =0 = E/Q is separable.

Also E is minimal splitting field of f(x) over Q implies E/Q is normal.
Hence E/Q is Galois

Let G = G(E/Q) be the Galois group of E/Q.
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By Artin's theorem, o(G) = [E : Q] = 4.

Since @ and a®

are roots of an irreducible polynomial f(x) over Q, there exists Q-automorphism
03 :Q(a) =E > Q (a® =E,s.t.,

o3(a) = a®

Similarly, there exists Q-automorphisms

0s:Q(@)=E->Q(a®) =E, sit.,

os(a) = a®

0,:Q@)=E->Q(a’)=E, sit,

o,(a)= a'

So G={l, 05 050}

Also 023 = g% = g2, =1

Thus G is an abelian non cyclic group of order 4 and so it the Klein's four group.

Subgroups of G are Hi = {l, a5}, Ho={l, a5}, H3={l, 0,}, Hs= G, Hs={I}.

Now g € G = 0(vV2)? =0(2)=2 = (6(v/2)? =2 =0= o(\/2) isazero of x>+ 2inE € C= o(v2) =
++/2. Similarly o(i) = + i.

=

S0, e =aims s ()
= 03 (V2) = V2, 05(i) = -i

= 03 (V2i) = -V2i

= Hi = Fixes v2i

Let F1 = Hi* the fixed field of Hi

Then QS QW2Zi)cFCcE
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But [QW2i):Q]=2[E:Fi]=2,[E: Q] =4

So, F1=Q (v/2i)

_ -1

1 i
557

Also, 0s(@) = a°= o ( 5

o5 (V2) = V2 and o5 (i)= i = H2Fixes i.

Let F= Ho* the fixed field of Ha

Then Q € Q (i) S F2S E and [E : F2] = 2, [Q(i) : Q] = 2, [E : Q] = 4 = F»= Q(i).

+i) ~ — — = 05(V2) = V2 = Hs Fixes V2. Let F3= Hs*

NOWO‘7(0():O'7=>O'5( %) 55

L
V2
Then Q€QV2 € F; CEand [E:F3]=2,[Q(W2): Q] =2,[E: Q] =4
= F3= Q(2).

Clearly F4 = fixed field of H4 (=G) is Q and Fs = Fixed field of Hs =E.

So, Fi1, F2, F3, F4, Fs, are intermediate fields lying between Q and E.

Since F1, F2, F3, are quadratic extension of Q, F1 /Q, F2 /Q, F3 /Q, are normal. Also F4 /Q, Fs /Q, are

normal. But G being abelian all subgroup of G normal subgroups of G.

13.6 Summary

Galois Theory is a remarkable example of mathematical unification, linking various branches of
mathematics and providing a powerful framework for addressing problems of great historical and
mathematical significance. An extension E of F is called a Galois extension if (i) E/F is finite (ii) F is the

fixed filed to a group of automorphisms of E.

(The fundamental theorem of Galois Theory). Let E/k be Galois Let G= G(E/k) be the group of all k-

automorphisms of E. Then

(vi)  There is one-one correspondence between the sets A = {F\F =field, k€S F S E B ={H\H <G}

which is an order inverting bijection.
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(vii) F € A is the fixed field of the subgroup H € B corresponding to F and H € B is the group H*
automorphisms of E, Where H* is the fixed field of H.

(viii) If H is the subgroup of B corresponding to the field Fin A theno(H) =[E: F]land [G: H] =[F
- K].

(ix)  If Hi H2e B corresponding to Fi1, F2€ A respectively, then Fi, F> are conjugate under an
automorphism o € G ifand only 671 Hi 6 = Ha.

(x) If H € B corresponds to F € A then F/k is normal if and only if H is normal subgroup of G and

in that case, G(F/K) = %

13.6 Terminal Questions

Q.1. What do you mean by Galois theory?
Q.2. Explain the Galois extensions.

Q.3. State and prove the fundamental theorem of Galois theory.
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Unit 14: Galois Theory-II

Structure

14.1  Introduction

14.2  Objectives

14.3  Automorphism, Group Fixing F, Field of H
14.4  Finite Fields

145 Summary

14.6  Terminal Questions

14.1 Introduction

Galois theory, together with the ideas of fixed fields and normal extensions, holds great significance in
modern algebra as it connects field theory with group theory. It helps determine whether polynomial
equations can be solved by radicals and reveals the deep link between field extensions and symmetry. The
notion of a fixed field, which remains unchanged under a group of automorphisms, provides clarity about
the structure of extensions, while normal extensions ensure the inclusion of all polynomial roots, making
them vital in studying solvability. These concepts are not only central to pure mathematics but also have
wide applications in number theory, coding theory, cryptography, and the study of symmetries in physics.
Collectively, they offer a unifying framework that advances both theoretical understanding and practical

problem-solving. In this unit discuss the element from Galois theory, fixed field, normal extension.

14.2 Objectives

After studying this unit, the learner will be able to understand the:

. Automorphism, Group Fixing F, Field of H

= Finite field
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14.3 Automorphism, Group Fixing F, Field of H:

Let E be an extension field of the field F. An automorphism of E is a ring isomorphism form E onto E.
The automorphism group of E fixing F, Gal(E/F), is the set of all automorphism of E that take every
element of F to itself. If H is a subgroup of Gal (E/F), the set every element of F itself. If H is a subgroup
of Gal (E/F), the set

Ey={x €E! @(x) =xforall® € H} is called the fixed field of H.

It is easy to show that the set of automorshisms of E forms a group under composition. the automporphism
group of E fixing F is a sub group of the automorphism gruop of E and for any subgroup H of Gal (E/F),
the fixed field En of H is a subfield of E. The group Gal (E/F) is called the Galois group of E over F. Be
careful not to misinterpret Gal (E/F) as something having to do with factor rings or factor groups. It does

not.

The following examples will help yours assimilate these definitions. In each example, we simply indicate
the automorphism are defined. we leave as exercise the verifications that the mappings are indeed

automorphisms.
Example.1: Consider the extension (Qv/2) of Q.
Solution. Since (Qv2) ={ a+bv2!a, b € Q}

and any automorphism of a field containing Q must act as the identity on Q and automorphisms @ of Qv2

is completely determined by @(v/2). Thus,
2= 0(2) =0 (V2V2) = (0(V2))?

and, therefore, @(2) = ++/2. This proves that the group Gal (Qv2/Q) has two elements, the identity
mapping and the mapping that sends a + bv2 to a - bv/2.

Example.2: Consider the extension (Q3/2)of Q.

Solution. An automorphism @ of Q. An automor phism @ of Q3/2 is completely determined by @ (/2).
By an argument analogous to that in we see that @ (3/2) must be a cube root of 2. Since (Q3/2) is a subset

of the real numbers and ¥/2 is the only real cube root of 2, we must have @ (32) = ¥/2 . Thus, @ is the
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identity automorphism and Gal (Q3/2/Q) has only one element. Obviously, the fixed field of Gal (Q¥/2/Q)
is (QV2).

Example.3: Consider the extension (Q¥V2, i), of Q (i). Any auto morphism @ of (Q%/2,i) fixing Q(i) is
completely determined by @ (3/2).

Since 2= 9(2) = @(V2)*) = (B(V2)*

we see that @ (3/2) must be a fourth root of 2. Thus, there are at most four possible automorphisms of Q
(32, i) fixing Q(i). If we define an automorphism a so that « (i)= i and a(3/2) = iV/2, then ae Gal (QV/2,
i/Q (i)) and a has order 4. Thus, Gal (QV/2, i/Q (i)) is a cyclic group of order 4. The fixed field of {e.a?}
(where ¢ is the identity automorphism) is Q(v/2, i). The lattice of subgroups of Gal (Q(3/2,i)/Q(i)) and the
lattice of subfields of Q (¥/2,i) contain

€, «, : y
{ (84 Ci; Q‘} Q({;’z‘ l')
2 9
le, a?) o2, i)
2 2
{e) Q)

Figure 14.1

Lattice of subgroups of Gal (Q(3/2,i)/Q(i)) and lattice of subfields of (Q(V/2,i) containing Q(i).ing Q(i)
are shown in Figure 14.1. As in Figures 13.1 and 13.2, the in tegers along the lines in the group lattice
represent the index of a sub group in the group above it, and the integers along the lines of the field lattice

represent the degree of the extension of a field over the field below it.

Example.4: Consider the extension Q(v/3,+/5) of Q.
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Since Q(v3v5) = (a + bv3+cV/5 +dv3V5! a, b, ¢, d e Q}, any automorphism @ of Q(v/3,V/5) is completely
determined by the two values @(v/3) and @(V'5). This time there are four automorphisms:

€ apfaf
V3 5 V33 - —V3V3 > V33 - —V3
V5 - VBVE - VEVE - —VBVE » —5

Obviously, Gal(Q(+v/3, V5)/Q) is isomorphic to Z: @ Z.. The fixed field of (¢, &) is Q(\/5), the fixed field
of (&,B) is Q(v/3), and the fixed field of (¢,af) is Q(v3V/5). The lattice of subgroups of Gal (Q(v/3, V5)/Q)
and the lattice of subfields of Q(+/3, v/5) are shown in Figure 14.2.

{e,a, B, a B}
2 2\ X 2
N
{8 a) (&, B) (&, ap) 0(%5)
2 2 2 2
N\

Figure 14.2 Lattice of subgroups of Gal (Q(v/3, v/3)/Q) and lattice of subfields of Q(v/3, V/5).

Example.5: Direct calculations show that w = -1/2 +i v/3/2 satisfies the equations w®=1 and w? + w +
1 = 0. Now, consider the extension Q(w,3/2) of Q. We may describe the automorphisms of Q(w,/2) by

specifying how they act on w and 3/2. There are six in all:

€ a fR%afap?

W= 0o D W W W - Ve o w?
U7~ A3VE > Y2VE = 02 4Z — 0P BT » 0 VEE — o2

Since # Ba, we know that Gal(Q(w, ¥/2/Q) is isomorphic to Ss. The lattices of subgroups and subfields

are shown in Figure 14.3.
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The lattices in Figure 14.3 have been arranged so that the field occupying the same position as some group

is the fixed field of that group. For instance, Q(w?3/2), is the fixed field of {e,a8}.

& a B, BLap, «p?}

{z o'} {s. aB} {s, aB?}

{s}
O(w2)
/ \2 2 2
—
= od/2) Q(az«’/’ By Ak Q(m’ﬁ)
Figure 14.3

Lattice of subgroups of Gal (Q(w, 1/2/Q) and lattice of subfields of Q (w,V/2 ), where w =-1/2+ ivV/3/2 .
The preceding examples show that, in certain cases, there is an initiate connection between the lattice of
subfields between E and F and the lattice of subgroups of Gal(E/F). In general, if E is an extension of F,
and we let F be the lattice of subfields of E containing F and G let be the lattice of subgroups of Gal(E/F),
then for each K in F, the group Gal(E/K) is in G and, for each H in G, the field En is in F. Thus, we may
define a mapping g: F — G by g(K) = Gal(E/K) and a mapping f: G — F by f(H) = En. It is easy to show
that if K and L be long to F and K <€ L, then g(K) 2 g(L). Similarly, if G and H belong to G and G € H,
then f(G) 2 2 f(H). Thus, fand g are inclusion-revers ing mappings between F and G. We leave it as an
exercise to show that for any K in F, we have (fg)(K) 2 K and, for any G in G, we have (gf)(G) =2 G.
When E is an arbitrary extension of F, these inclusions may be strict. However, when E is a suitably chosen
extension of F, the Fundamental Theorem of Galois Theory, Theorem 5.1, says that f and g are inverses
of each other so that the inclusions are equalities. In particular, f and g are inclusion-reversing

isomorphism’s between the lattices F and G.

14.4 Finite Fields

A field having finite number of elements is called a finite field or a Galois field.
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Theorem 5 : If F is a finite field, then o(F) = p" for some prime p and an integer n > 1.

Proof : Let p be the prime subfield of F.

Since F is finite, so is P4. There fore, P = <;ZT> for some prime p.

Z = ~
BUt$ = {0,1,2, .......... P - 1} mod p= Fp=P= Fp

Sine P € F, we can regard Fp € F. Now F is a vector space over Fp. Since F is finite [F : Fp] = n=finite.
Let {uy,......,un} be a basis of F/ Fp

Then F = {a1us + ...+ anln| ai EFp}.

Now each ajcan be chose in p ways and Y a;u;= Y. Bju; = a; = B;, there fore o(F) = p".

Theorem 6 : Let P be a prime and n > 1 be an integer. Then there exists a field with p" elements.
Proof : Let f(x)= x%x € Fp [x], g = p". Let F be a minimal splitting field of f(x) over F.

Then F =Fp(zerosof finF)

Let S ={zeros of fin F}

Now f'=qgxdt-1=-laschar F=p=q-1=p"-1=-1.

Therefore , (f, f) =1

= all zeros of F in F are simple an so distinct.

So, 0o(S)=q.

Now 0eES=S=+#g¢g

Also a,b eFg=a% =a,b%=b= (at b)¥=a"+ b9=a +b,

(ab)n =a% b =ab, (ab!)9=alb%=ab?

= a+ b, ab, ab(if b+ 0) € S.

Thus S is a subfield of F.
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LetaeFp, Thena’l=1=a=a= aP"=a=a’= a.
= aisa zerooffinF=>aeS=FyCS.

So S is a field containing Fp and S.

But F is the smallest field containing Fp and S.

= FC S.AlsoSS F.So,S=F=0(F)=0(S) =q.

Lemma 1: Let G be an Aeolian group under multiplication. Let a, b € G be such that o(a) = m, o(b)=n

and (m, n)= 1, Then o(ab) = mn

Lemma 2: Let G be an abelian group under multiplication. Let a, b € G be such that o(a) = m, o(b)=n.

Then there exists ce G such o(c) = l.c.m of m and n.
Proof : Let (m, n).>1

Let m=p;% ....p.%

n=p.f...ppr

where pz ....... pr are distinct primes and aj, 8;arenon negative integers.

Let I=p,% ... ps"‘SpSfisl’r1 ........ pPr
where a; > gifori=1,...s,and g; = jforj=s+1..,r
Then lis the L.C.M of m and n.

Let x = gPs+1%+1  Pro, y=pPAL  pPs

Then o(X) =p;*1,....... ps™s
o(y) = psPst o p P

and  (o(x)), o(y)) =1.

o(xy) =1l.c.mofmandn
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Lemma 3 : With the hypothesis of lemma 2, if n + m, then the l.c.m. | of m and n is greater than m.
Proof : Nowm || = m < |.Ifm=1, thenn|l= n|m, acontradiction So I>m.

Lemma 4 : Let G be a finite abelian group under multiplication. Let @ € G be of maximum order.
Then o(B) | o(a) forall B € G.

Proof : Leto(a) =m, o(f) =n.

Suppose n + m. By lemma 3, | = I.c.m of m, n> m. By lemma 2, there is y € G such that o(y) =1 >m

contradicting « € G is of maximum order. So, njm = o (B) | o(«) for all g € G.

Theorem 7 : Let F be a finite field. Then F*, the set of non-zero elements of F forms a cyclic group

under multiplication in F.

Proof : Now F* is an abelian group under multiplication.

Let @ € F* be an element of maximum order m.

Then by lemma 4, o(B) | m for all g € F*

So,m=0(B)r= " =B =1forall B €F*.

= [ satisfies x™ -1 over F.

Since F can't have more than m zeros of x™-1, o(F*)< m.

Bute € F*and o(a)=m =1, a, a?, ....... , ™l are elements of F*
= 0o(F*) > m = o(F*) =m=o0(a) = F*=<a>

The generators of F* are called primitive elements of F.

Theorem 8 : Let F be finite field of order p". ThenF is a minimal splitting field of xP™ -x over Fp.
Proof : We can regard F as an extension of Fp Let q = p".

Now F* = <a>, o(a) = o(F*) =g-1. Also a%! = 1. = a%=a

= elements of F are zeros of f(x) = x9- x over Fp

So, f(x) splits in F.
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Therefore, f(X) = X(X- @) ......(x - «%1)

= Minimal splitting filed of f over Fp is Fp (a, a?, ........ ,a™1,0)=Fp(F) =F.

Theorem 9 : Any two finite fields with the same number of elements p" are Fpisomorphic.
Proof : Let F1' F2, be finite field such that o(F1) = p" = o(F2) Then by above F1,F>

are minimal splitting fields of f(x) = xP" - x over F,= F1, F2 are Fp, isomorphic.

The above theorem shows that there is unique field of order q = p" upto an isomorphism. It is denoted by
GF(p") or GF(q) or Faq.

Example 6 : Show that x™-1 divides x"- 1 over a field F if and only if m divides n.
Solution: Letn=km+r,0<r<m

The x"-1 = X"(TE xi™) (x™-1) + (X" -1)

Therefore x™ -1 divides X" -1 if and only if x"-1 =0
Alsox"-1=0ifandonly ifr=0

So x™ -1 divides x" -1 if and only if m divides n.

Example 7: Show that x?™ -x divides xP™ - x if m divides n.
Solution : Letn=mu

Then p"-1=p™-1=(p™"-1

= (p™)- 1 (integer)

= p™ -1 divides p"-1

By above problem

xP™ 71 -1 divides xP" T -1

= xP™ - x divides xP™ -x
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Theorem 10 : Let F be a field with p"elements . Then F has a subfield k with p™elements if and only

if m divides n.

Proof : suppose k is a subfield of F. Then k can be regarded as an extension of Fpsuch that [k : Fp] =m
Similarly F can be regarded as an extension of Fysuch that [F : Fp] =n. Now [F: Fp] = [F: K] [k : Fp] =m

divides n.

Conversely, let F be a field such that o(F) = p" Suppose m divides n. Now F is a minimal splitting field of

xP™ - x over Fp

Let f(x) = xP™ - x and g(x) = xP™ - x

Since m divides n, by above problem g(x) divides f(x).

Consider F' = [zeros of g(x) in F]

Then F' is a subfield of F.

Since g(x) has p™ distinct zeros, F' is a subfield of F with p™ elements.

If k is another subfield of F such that o(k) = p™, then o(k) = o(F") = p™

= k, F' are Fp-isomorphic

Thus, there is exactly one subfield of F (up to isomorphism) with p™ elements.
Example 8 : Determine the algebraic closure of Fp.

Solution: We know m! divides n! for all positive integers m < n By above theorem Fpm! is a subfield of
Fon! Thus, there is an ascending chain of subfields

FoC Fpa1 € Fpai C...........
and Fpo, = Uy, F i is a field such that F,n © F i S Feofor any positive integer n.
Let S be the set of all polynomials over Fp Letf€S.

Then the minimal splitting field of f over Fyis a finite field F,n

So, each f € S splits in Fye
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Thus the minimal splitting field of S over Fp is

Fp (zeros of f € Sin Fj,e0) € Fyeo

Alsoa € Fpo» = a € F,n for some n = a s zero of xP™ - x over Fp,
Now f=xP"-x€S=aiszeroof € Sin Fye

= Fpo & Fp (zeros of fESin Fpe)

= Minimal splitting filed of S over Fpis Fje

= F,e is the algebraic closure of Fp,

Theorem 11 : Every finite extension of a finite field is Galolis.

Proof : Let k be finite extension finite field k. Then Kk is also finite field. So char(k)= char K = p, for some
prime p. Let o(k) =p™, o(K) = p".

Now K is a minimal splitting field of x?™ - x over F,=> K/ F; is finite normal.

Also Fpisfinite = F, is perfect = every algebraic extension of Fp is separable = K/ Fp is separable =
K/ Fp is Galois Now Fy € k € K and K/ Fpis Galois = K/k is Galois .

Cor : Fy/ Fp is Galois, q = p",

Theorem 12 : Let F be a finite field. Then there exists an irreducible polynomial of any given degree

n over k.

Proof : Let o(F) =p™, p being prime.

Let g =p"™ and let f(x) = x% - x

The Fq is the minimal splitting field of f(x) over Fp
since m/nm, F,m = F can be imbedded in Fq

Now FpC F= Fym € Fpmn =E

Then [E: F] =n.
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Let E* be the multiplicative group of non-zero elements of E and let E* = <>
ThenE=F(a)as FCE,a €E

So,n=[E:F]=[F(a):F]=deglrr (F, a)

= Irr (F, ) is an irreducible polynomial of degree n over F.

Theorem 13 : Let G be the group of Fp automorphisms of Fp. Then G is a cyclic group generated by

Fresenius map of order n, where q = p".

Proof : let 6 : Fq—>Fq s.t., 6(b) =bP.

Then 6 is called Frobenius map.

Since char Fp = char Fq= p 0 is a homomorphism.

Also 6 is one-one. Since Fqis finite, 6 is onto.

If b € Fq then bP=b = 6(b) = b forall be Fp

So, 6 isan Fp- automorphisms of Fg= 6 € G

By Artin theorem, o(G)= [Fq : Fp] as of Fp is the fixed field of G.

= 0(G) = n. We show that o(6) = n.

Let 0" =1, let Fq* = <a>

Thenatl=1=a%=a= xP" =a.

Now 8 =1 = 0'(a)=a=a? " =1.
=0@)|p-l1=q-1l|r-1=p"-1|p-l=p™-1<p-l1<p-1=n<r
Also 8" (b) =bP" = bforallb € Fq= 0"=|

So,00)=n =>G=<6>

Example 9 : Prove that every element in a finite field can be written as the sum of two squares.

Solution: Let F be a finite field such that o(F) = p"
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Case 1: p =2 Define 8 : F- Fs.t., 0 (b) = b?

Then 6 (b1 + bz) = (b1 + b2)?= b, ? + b,” = 0 (b1) + 6 (b2)

8 (b1 b2) = (b1 b2)?=b;*b,*= 0 (1) O (b2)

= 0 is a homorphisms.

Also 6 is one-one Since F is finite, 8 in onto.

Let a € F Then there is b € F such that 8 (b) =a = a = b?=b?+ 0> = Sum of two squares in F.
Case2:p+2.LetaeF.Let X={a-x?|x € F}

Thena-x;2=a-%X,2, X1, % EF=x,2=x%,> = X1= - X2 IFX1# X2

— 0(X) _PMol g Pt
2 2

P"+1
2

Let Y={y?|y€F}Theno(Y)=
Since X, Y S Fand o(F)=p", XNY #¢
So, a-x? =y?forsome x,y € F = a=x? +y? = sum of two square in F.
Example 10 : Show that for any integer a and prime p, a? =a(mod p).
Solution: Leta=pg+r,0<r<p.
Then a = r (mod p)
Now 0<r<p = rekF
= lolo. ol =T
p times
=rr-pu=r
= rP=r (mod p)

= rP =a (mod p)
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So, a =r (mod p)

= aP =rP (mod p)

= aP =a (mod p)

(The above result is known as Fermat's theorem)

Example 11: Show that every irreducible polynomial f(x) € Fp[x] is a divisor of xP™ - x for some n.
Solution: Let deg f(x) = d and a be a zero of f(x) in an extension of Fp.

Then [Fp(a) : Fp] = deg Irr (Fp, a ) = deg f(x) =d.

So o(Fp(a)) = p? then a € Fp(a) = aP? = a = is zero of xP¢ - x € Fp [X]

= f(x) divides xP% -x

Example 12: Show that xP™ - x is the product of monic irreducible polynomials in Fp [x] of degree
d, d dividing n.

Solution : Let f(x) = x9-x, g = p",Let p(x) be a monic irreducible factor of f(x) over F, Let « be a zero of

p(x) in F, where F is a minimal splitting field of f(x) over Fy Then F = Fy and p(x) = Irr (Fp, @)
Now Fp CFp (a) SFq

and n = [Fq: Fp] = [Fq: Fp(a)] [Fa(a): Fpl

= [Fq: Fp(a)] deg Irr (Fp, @)

= [Fq: Fp(a)] deg p(x)

= deg p(x) divides n.

= any monic irreducible polynomial dividing xP™ -« of degree dividing n.

Example 13: Show that xP- x - a (a # 0) is irreducible over Fp.

Solution: Let f(x) = xP-x-a

Let « be a zero of f(x) in some extension of Fp Then f(a) =0

PGMM-106-MAMM-106/364



Consider f(a +1)=(a+ 1)P-(a+1)-a

zal-a-a=f(a)=0

fla+2)=(a+2)l-(a+2)-a
= (a+1)P-(a+1)-a

Inthisway a, a +1, a +2 , ....... , a+ (p-1) are all zeros of f(x).
Alsof'(x)=pxPl-1=-1#0=F" B)=a,a+l,..,a+(p-1)
= a,a+l,..,a+ (p-1)aredistinct zeros of f(x)
now , Fp(a) is a minimal splitting field of f(x) over Fp
Also [Fp(a) : Fp] =deg Irr (Fp, )< p as « satisfies f(x) of degree p.
Since Fp is finite, so is Fp (@)
Also Char Fp(a)=p =0 (Fp(a)) =p™= [Fp(a) : Fp] = m=deg Irr (Fp, @) = deg g(x) < p.
Now a?™ =abuta? =a +a = aP® (@ +a)?=aP+aP=a+2aasa €Fp
= a’ =a
Inthisway aP"=a+ma=a=a+ma=ma=0= pdividesmasa*0=p<m.
So, p =m = deg g(x) = p Also g(x) divides f(x) and deg g(x) = deg f(x)
= g(x) = f(x) = f(x) is irreducible over Fp.
Example 14: Construct a field of order 9.

Solution : Let Fg be the filed of order 9. Let F3 = {0,1,2} mod 3. Then [Fg: Fs] = 2 Let f(x) = x%-x. Then
Fo is a minimal splitting field of f(x) over Fs.Let p(x) be an irreducible factor of f(x) over Fs,Let a be a
zero of p(x) in Fe. Then a is zero of f(x), If a € Fs3, then p(X) = X - « = deg p(x) = 1. If x& F3, then F3
CF3(a) CFy= [Fo: F3] =2 = [Fo: F3(a)] [F3 (a): F3]

Since a € F3 [Fa(a): Fa] #1

= [F3(a): F3] =2
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But [Fs(a): Fs] =deg Irr (F3, @)
= deg p(x)
Thus deg p(x) = 2.
Hence any irreducible factor of f(x) over Fshasdegree 1 or 2.
Now x°-x =x(x®-1)

= x(x*-1) (x* +1)

= X(X -1) (X +1) (X2 +1) (X -x- 1) (X% +x- 1)
Note x?+ 1, x* -x- 1, x? +x- 1 are irreducible over F3 as none of 0, 1,2, are zeros of these factors.
Let p(x) = x?+ 1. Let a be a zero of p(x)
Then {1, a} is a basis of Fg = F3(a) over F3
So, Fg ={a+bx|a beFs3}

={0,1,2,a,a+tl,a +2,2 a, 2 +1, 2 +2}

Letu=a +1 Thenu? = 2a, u*=-1, u¥ = 1. So, o(u) = 8 = Fo* = <u>
therefore
Fo={0,1,=u82=uY, a=w a+l=u,a +2=u" 2a =u? 2a +1=u®2a +2 = u’}
Now multiplication is defined by element u’ in Fy we wish to define addition in Fg with the help of u'
Ifu" +1 0, Letu"+ 1 = u?"
Define ud+ uP = u?@D* b jf y2>+ 1 = 0 where a> b
=0ifur®+1=0
Lets find
u’+ut
Now u® +1 = a + 1 = u'# 0. So, z(6) = 1. Therefore, u”+ ut=u?®*1 =2
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Also ué+ u?= 0 as u*+1=-1+1 = 0. In this way addition is defined in terms of u'
Leta=u'. Thenwrite loga =i. Ifb=ul, Then ab = u!®, where @denotes the addition module 9.
So, logab =1 @j =log a @b.

Such a logarithm is known as Zech logarithm.

14.5 Summary

An extension E of F is called a Galois extension if (i) E/F is finite (ii) F is the fixed filed to a group of
automorphisms of E.

Let E/k be Galois Let G= G(E/k) be the group of all k-automorphisms of E. Then

Q) There is one-one correspondence between the sets A = {F\F =field, k € F € E B = {H\H <G}

which is an order inverting bijection.

(i) F € A is the fixed field of the subgroup H € B corresponding to F and H € B is the group H*
automorphisms of E, Where H* is the fixed field of H.

(iii)  If H is the subgroup of B corresponding to the field Fin A theno(H) =[E: F]land [G: H] =[F
- K].

(iv)  If Hi H2€e B corresponding to Fi1, F2€ A respectively, then Fi, F> are conjugate under an
automorphism o € G ifand only 671 Hio = Ha,

(v) If H € B corresponds to F € A then F/k is normal if and only if H is normal subgroup of G and

in that case, G(F/k) = %

14.6 Terminal Questions

Q.1. Let E be an extension field of Q. Show that any automorphism on E acts as the identity on Q. (This
exercise is referred to in this chapter).
Q.2. Let E be a field extension of the field F. Show that the automorphism group of E fixing F is indeed a

group. (This exercise is referred to in this chapter.)
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Q.3. Let E be a field extension of a field F and let H be a subgroup of Gal(E/F). Show that the fixed field
of H is indeed a field. (This exercise is referred to in this chapter.)

Q.4. Let f(x) € F[x] and let the zeroes of f(x) be aq,a,, ........ ,ay. IfK =(aq,a,, ........ , 4y), show
that Gal(K/F) is isomorphic to a group of permutations of the a;s.[When K is the splitting field of f(x)
over F, the group Gal(K/F) is called the Galois Group of f(x).)

Q.5. Show that the Galois group of a polynomial of degree n has order dividingn!.

Q.6. Let E be the splitting field of x* + 1 over Q. Find Gal(E/Q). Find all subfields of E. Find the
automorphisms of E that have fixed fields Q (v2), Q(v2) and Q(i). Is there an automorphism of E whose
fixed field is Q.

Q.7. Determine the group of field automorphisms of GF(4).

Q.8. Let E=Q(+/2,V/5). What is the order of the group Gal(E/Q)? What is the order of Gal Q(v/2/Q)?

Q.9. Given that the automorphism group of Q(v/2,+/5,v/7) is isomorphic to Z,®Z, @ Z,, determine the

number of subfields of Q(v/2,V/5,v7) that have degree 4 over Q.

Q.10. Let w be a non-real complex number such that w®> = 1. If ¢ is the automorphism of Q(w) that
carries w to w*, find the fixed field of (¢).

Q.11. Determine the isomorphism class of the group Gal(GF(64)/GF(2)).

Q.12. Determine the isomorphism class of the group Gal(GF(729)/GF(9)).
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